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Abstract: The classical Weyl-von Neumann theorem states that for any self- 
adjoint operator A in a separable Hilbert space there exists a (non-unique) 
Hilbert-Schmidt operator C = C* such that the perturbed operator A + C 
has purely point spectrum. We are interesting whether this result remains 
valid for non-additive perturbations by considering self-adjoint extensions of 
a given densely defined symmetric operator A in $j and fixing an extension 
A = Aq. We show that for a wide class of symmetric operators the absolutely 
continuous parts of extensions A = A* and A are unitarily equivalent provided 
that their resolvent difference is a compact operator. Namely, we show that 
this is true whenever the Weyl function M(-) of a pair {^4, Aq] admits bounded 
limits M(t) := w-lim y ^ + o M(t + iy) for a.c. t 6 1. This result is applied to 
direct sums of symmetric operators and Sturm-Liouville operators with operator 
potentials. 
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1 Introduction 



Let Aq be a self-adjoint operator in a separable Hilbert space and let C = C* 
be a trace class operator in f), C <S 61(f)). Recall, that according to the Kato- 
Roscnblum theorem, cf. [TIB US] the absolutely continuous parts Aq c and A ac , in 
short the ac-parts, of the operators Aq and A = Aq + C are unitarily equivalent. 
In other words, the absolutely continuous spectrum, in short ac-spectrum, of Aq 
and its spectral multiplicity are stable under additive trace class perturbations. 
At the same time, the Weyl-von Neumann-Kuroda theorem [JJ Theorem 94.2], 
[3D], shows that the condition C £ cannot be replaced by C G 

with p £ (l,oo] (where & p (Sj) denotes the Neumann-Schatten operator ideals). 

Theorem 1.1 ( [201 Theorem 10.2.1 and Theorem 10.2.3]) For any oper- 
ator Aq = Aq in Sj and any p <E (1, 00] there exists an operator C = C* £ & p (9j) 
such that the perturbed operator A — Aq + C has purely point spectrum. In par- 
ticular, o- a c(Ao + C) =0. 

The Kato-Roscnblum theorem was generalized by Birman [4] and Birman and 
Krein [6] to the case of non-additive perturbations. Namely, it was shown that 
Aq c and A ac still remain unitary equivalent whenever 

(A-iy^-iAo-i)- 1 GSi(£). 

In particular, this is true if Aq = Aq and A = A* are self-adjoint extensions 
of a symmetric operator A (in short Aq, A £ Ext^). This rises the following 
Weyl-von Neumann problem for extensions: Given p € (1, 00] and a self-adjoint 
extension Aq of A. Does there exist a self-adjoint extension A of A such that A 
has purely point spectrum and the difference (A — i) _1 — (Aq — i)^ 1 belongs to 
& P (S))? To the best of our knowledge this problem was not investigated. 

In the present paper we show that the Weyl-von Neumann theorem for exten- 
sions becomes false in general. We show that under an additional assumption 
on the symmetric operator A the ac-part of a certain extension Aq = Aq is 
unitarily equivalent to the ac-part of any extension A = A* of A provided that 
their resolvent difference is compact, that is, 

K A := {A- i)- 1 - (A Q - i)" 1 e 6cc(£). (1.1) 

The additional assumption on the pair {j4,Ao} is formulated in terms of the 
Weyl function of the pair {A, Aq}. The latter is the main object in the boundary 
triplet approach to the extension theory developed in the last three decades, see 
[i"2] [T3l fT7] and references therein. 

The core of this approach is the following abstract version of Green's formula 
(A*f,g) - (f,A*g) = (T,f,T Q g) n - (T f,T x g) H , f,ge dom(A*), (1.2) 
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where H. is an auxiliary Hilbert space and ro,ri : dom(A*) — > 7i are linear 
mappings. A triplet II = {TL, Tq, Y{\ is called a boundary triplet for the operator 
A* if (fOJ) holds and the mapping L := {r ,ri} : dom(A*) -»■ H © H is 
surjective. 

With a boundary triplet II for A* one associates in a natural way the Weyl 
function M(-) = Mji(-) (see Definition 12 . 10[) . which is the key object of this 
approach. It is an operator-valued Nevanlinna function with values in [H] (i.e. 
i?-H _ function) and its role in the extension theory is similar to that of the classical 
Weyl function in the spectral theory of Sturm-Liouville operators. In particular, 
if A is simple, then M(-) determines the pair {A, Aq}, where Ao := A* \ kerFo, 
uniquely, up to unitary equivalence. Moreover, M(-) is regular (holomorphic) 
precisely on the resolvent set g(A ) of A and the spectral properties of A are 
described in terms of the limits M(t + iO) at the real line (see [3]). 

One of our main results (Theorem 14. 3p reads now as follows. 

Theorem 1.2 Let II = {7i, To, Fi} be a boundary triplet for A* such that the 
corresponding Weyl function M(-) has weak limits 

M{t + i0) := w-limM(t + iy) for a.e. tel. (1.3) 

yio 

If a self-adjoint extension A of A satisfies condition (jl.ip . then the ac-parts 
A ac and A^ c of A and Aq (= A* \ ker(ro) / ) are unitarily equivalent. 

We apply this result to direct sums A := S)^ =1 S n of symmetric operators 
S n with equal and finite deficiency indices n±(S n )- Let So n be a self- adjoint 
extension of S n for each n £ N. We show that the ac-part of Aq := ©^L^on 
is unitarily equivalent to the ac-part of any other extension A = A* 6 Ext a 
provided that condition (jl.ip is satisfied and the symmetric operators S n are 
unitarily equivalent to Si for any n£M. 

The second part of the paper is concerned with a spectral extremal property 
of certain self-adjoint extensions of A described by the following definition. 

Definition 1.3 (i) Let Tj = T* G C(S)j), j = 1,2. We say that Ti is a part of 
T 2 if there is an isometry V from S)\ into S)- 2 such that VT\V* C T 2 . 

(ii) Let A = Aq be an extension of A. We say that A is ac-minimal if Aq c 
is a part of any self-adjoint extension A of A. 

(iii) Let (To := o ac [Aq). We say that Aq is strictly ac-minimal if for any 
extension A — A* oi A the parts Aq c and A ac E^(ao) are unitarily equivalent. 

In particular, if Aq is ac-minimal, then a ac (A) D a ac (Aq). Note that an ac- 
minimal extension of A is not unique. For any two ac-minimal extensions their 
ac-parts are unitarily equivalent. 
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We show (cf. Theorem I5.12p that if n±(S n ) < oo, then the ac-part A$ c 
of any direct sum extension A = (B^ =1 So n of A := ®^ =1 S n is ac-minimal. 
In particular, a ac (A) D <7 ac (Ao) for any A = A* 6 Ext ,4. This result looks 
surprising with respect to Theorem ll.il Indeed, in this case Aq c is still a part of 
A ac for any A £ Ext a though the resolvent difference (see (|l-l[l ) is not even 
compact. In other words, in this case the ac-spcctrum of Aq (but not its spectral 
multiplicity) remains stable under (non- additive) compact perturbations 
though both Uac{Ao) and its multiplicity can only increase, whenever ^ ©oo- 

Moreover, we apply our technique to minimal symmetric non-negative Sturm- 
Liouville operator A with an unbounded operator potential 

(Af)(x) = -f"(x)+Tf(x). (1.4) 

We show that the Friedrichs extension A F is ac-minimal and under a simple 
additional assumption is even strictly ac-minimal. 

The paper is organized as follows. In Section 2 we give a short introduction 
into the theory of ordinary and generalized boundary triplets and the corre- 
sponding Weyl functions. In Section 3 we express the spectral multiplicity 
function of the ac-part A ac of A = A*(G Ext a) by means of the corresponding 
Weyl function. In Section 4 we apply this technique to prove Theorem 11.21 as 
well as to give a simple proof of the Kato-Rosenblum theorem. 

In Section 5 direct sums of boundary triplets II„ = {H n , r „, r ln } for op- 
erators 5* adjoint to symmetric operators S n are investigated. We show that 
though, in general, II = (B^ =1 H n is not a boundary triplet for the direct sum 
A* := ©^LiS 1 *, it is always possible to modify the triplets II n in such a way 
that a new sequence II n = {7i n , Fo n , Ti n } of boundary triplets for 5* satisfies 
the following properties: II = Q^L^Iln forms a boundary triplet for A* such 
that So n := S* \ ker(ro„) = S* \ ker(ro„) =: Son, n e N. In particular, the 
corresponding Weyl function M(-) is block-diagonal (see Theorem I5.3|) . Our 
spectral applications to direct sums are substantially based on this result. In 
particular, it is used in proving of Theorem 15 . 121 mentioned above. 

Finally, in Section 6 we apply the technique (and abstract results) to operators 
(|1.4|) with bounded and unbounded operator potentials. In particular, we 
investigate the ac-spectrum of self-adjoint realizations of Schrodinger operator 

(cP- n d 2 \ 
QP+Jld^ 1 +?(*)■ (M)eR+xM", qeL°°(W n ), 

in L 2 (R + x 1"), n > 1. For instance, we show that if g(-) > and 

lim f \q(y)\dy = 0, (1.5) 

M— °0 J\ X -y\<l 

then the Dirichlet realization L D is absolutely continuous, strictly ac-minimal 
and <j{L d ) = <7 ac (L D ) = [0,oo). 
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Notations In the following we consider only separable Hilbert spaces which 
are denoted by Sj, TL etc. The symbols C(TLi,TL 2 ) and [fh,-^] stand for the set 
of closed densely defined linear operators and the set of bounded linear operators 
from fa to £ 2 , respectively. We set C(H) := C{H,H) and [Sj] := [ft, ft]. The 
symbols dom(-), ran(-), g(T) and cr(T) stand for the domain, the range, the 
resolvent set and the spectrum of an operator T E C(H), respectively; T ac and 
&a.c(T) stand for the ac-part and the ac spectrum of an operator T = T* G C{TL). 

& p (Sj), p E [l,oo], stand for the Schatten-von Neumann ideals in S). Denote 
by 6(R) the Borel a- algebra of the line R and by Bb(R) the algebra of bounded 
subsets in ${,(R). The Lebesgue measure of a set 6 € B(M.) is denoted by \S\. 

2 Preliminaries 

2.1 Operator measures 

Definition 2.1 Let TL be a separable Hilbert space. A mapping £(•) : i3f,(R) — > 
[Ti] is called an operator (operator-valued) measure if 

(i) £(•) is 5-additive in the strong sense and 

(ii) E(£) = £(<S)* > for S E B b (R). 

The operator measure E(-) is called bounded if it extends to the Borel algebra 
B(R) of R, i.e. E(R) e [H]. Otherwise, it is called unbounded. A bounded 
operator measure E(-) = E(-) is called orthogonal if, in addition the conditions 

(iii) E{S 1 )E{5 2 ) = E(5 1 n 5 2 ) for 8 1 ,5 2 € B(R) and E(R) = I n 
are satisfied. 

Setting in (iii) 8\ — 5 2l one gets that an orthogonal measure E(-) takes its 
values in the set of orthogonal projections on TL. Every orthogonal measure 
E(-) defines an operator T ~T* — J R XdE(X) in H with E(-) being its spectral 
measure. Conversely, by the spectral theorem, every operator T = T* in Tt 
admits the above representation with the orthogonal spectral measure E — : Ej*- 

By E ac , E s , E sc and E pp we denote absolutely continuous, singular, singular 
continuous and pure point parts of the measure E, respectively. The Lebesgue 
decomposition of E is given by E = E QC + E s = E ac + E sc + E^p. 

The operator measure Ei is called subordinated to the operator measure £2, 
in short £1 -< £ 2 , if E 2 (<5) = yields Ei(<fr) = for S E B b (R). If the measures 
£1 and £2 are mutually subordinated, then they are called equivalent, in short 
£1 ~ E 2 . Note, that there are always exists a scalar measure p defined on B&(R) 
such that £ ~ p, see [571 Remark 2.2]. In particular, there is always a scalar 
measure such that E -< p. 
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Usually, with the operator- valued measure £(•) one associates a distribution 
operator- valued function £(•) defined by 

[S([0,i)) *>o 
S(i) = <0 * = (2.1) 

[-E([t,0)) i<0 

which is called the spectral function of £. Clearly, £(■) is strongly left con- 
tinuous, £(£ - 0) = £(t), and satisfies £(t) = £(i)*, £(s) < £(£), s < t. 

Definition 2.2 ( |27|. Definition 4.5]) Let £ be an operator measure in Ti 
and let p be a scalar measure on B(K) such that £ -< p. Further, let e = {e J -}^. 1 
be an orthonormal basis in Ti.. Let 

Ey(t) := (E(t)e i; e,), tt y (f) := dE i:j (t)/dp, 
*«(t) := (* „ (t))" j=1 , := (%(*))~ =r 

We call 

JV|(i) := rank(# e (i)) := sup rank (^(f)) (mod(p)) (2.2) 

n>l 

and 

Nx(t) := esssupiV|(t) (mod(p)) 

e 

the multiplicity function and the total multiplicity of E, respectively. 

By [271 Proposition 4.6] N^(-) does not depend on the orthogonal basis e. 
Therefore one always has iVs(t) := N§,(t) and one can omit the index e in (|2.2p . 

When applying this definition to the absolutely continuous part E ac of E the 
scalar measure p ac can be chosen to be the Lebesgue measure | • | on 

The concept of the multiplicity function allows one to introduce the following 
definitions. 

Definition 2.3 Let Ei and £2 be two operator measures. 

(i) The operator measure £1 is called spectrally subordinate to the operator 
measure £ 2 , in short Ei -f< E 2 , if £1 -< £2 and iV Sl (i) < Ns 2 (t) (mod(£ 2 )). 

(ii) The operator measures £1 and £2 are called spectrally equivalent, in short 
Ex w £ 2 , if £1 ~ £ 2 and JV El (i) = N^ 2 (i)(mod(£ 2 )). 

Crucial for us in the sequel is the following theorem. 

Theorem 2.4 Let Tj be self-adjoint operators acting in Sjj with corresponding 
spectral measures Et 6 (■), j = 1, 2. Let T> G B(M). 
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(i) TiEt^T)) is a part of T2Et 2 (T>) if and only if Et x ,v Et 2i v, where 
E Tj . v {5) :=E Tj (Sr\V), j = 1,2. 

(ii) The parts TiE^i'D) and T2Et 2 (T>) are unitarily equivalent if and only if 
Eti ,v ~ Et 2 ,t> ■ 

The proof is immediate from [71 Theorem 7.5.1]. For V = R Theorem 12.41 
gives conditions for T\ to be unitarily equivalent either to a part of T2 or to T2 
itself. 

2.2 /^-Functions 

Let 7i be a separable Hilbert space. We recall that an operator-valued function 
F(-) with values in [H] is called to be a Herglotz, Ncvanlinna or i?-function 
[H \3\ \T7\ I23j. if it is holomorphic in C+ and its imaginary part is non- negative, 
i.e. Im(F(z)) := (2i)~ 1 {F(z) - F(z)*) > 0, z e C+. In what follows we prefer 
the notion of R-function. The class of R- functions with values in [H] will be 
denoted by (Rn)- Any (i?-n)-function F(-) admits an integral representation 

F(z) = C + C lZ + J - -J-p\dE F , zeC+, (2.3) 

(see, for instance, [H [3J [23]), where Co = Cq, C\ > and is an operator- 
valued Borel measure on R satisfying / R (l + t 2 )~ 1 dY,p £ [H\. The integral is 
understood in the strong sense. 

In contrast to spectral measures of self-adjoint operators the measure Hp 
is not necessarily orthogonal. However, the operator- valued measure Tip is 
uniquely determined by the i?-function F(-). It is called the spectral measure 
of F(-). The associated spectral function is denoted by T,p(t), isE, cf. (|2.ip . 

Let us calculate (t),tE K. For any Hilbert-Schmidt operator D £ 62(H) 
satisfying ker(.D) = ker(D*) = {0} let us consider the modified i^-function 

{F D )(z) := D*F{z)D, z £ C+. 

For F D (-) the strong limit F D (t) := F D (t + iO) := s-lim y ^ +00 F D (t + iy) exists 
for a.e. tel. We set 

d F o(t) := dim(ran (Im(F D ){t))), for a.e. teR. (2.4) 



Proposition 2.5 Let F(-) £ (R n ), D £ & 2 (H) and ker (D) = ker (£)*) = {0}. 
Then N^(t) = d F o(t) for a.e. t £ R. 

Proof. It follows from J2T3]) that 

Im(F(X + iy)) =yC 1 + f V 2 dV F , Ael. (2.5) 
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By Berezanskii-Gel'fand-Kostyuchenko theorem [3J [7] the derivative 
^ , D*s F L>(i) := jtD*^F(t)D exists for a.e. tgR and the representation 

D*X a F c (5)D = J * D ,x F n(t)dt, S G B b (M) 

holds. Applying the Fatou theorem (see [53]) to (|2.5p and using (|2.4p we obtain 

lm((F D )(X)) =tt^ d ^ fD {\) for a.e. Ael. (2.6) 

By [23 Corollary 4.7] JV E «(A) = rank (* D . S , D (A)) = dim(ran (* D 'E p d(A))) 
for a.e. Ael. Finally, using dHJ) we get 7V E - (A) = d F o (A) for a.e. A G R. □ 

Notice that Proposition 12.51 implies that £>^d (t) does not dependent on D. 
Assuming the existence of the limit F(t) := s4im J/ _ ! .+o F(t + iy) for a.e. tgR, 
we set 

d F (t) := rank(Im(F(i)) = dim(ran (Im(F(t)))) 
for a.e. t £ 1. In this case Proposition 1 2 . 51 can be modified as follows. 

Corollary 2.6 Let F(-) G (R H )- If the limit F(i) := s-lim^+o F(t+iy) exists 
for a.e. t G R, then 2V E ae(i) = d F {t) for a.e. t G R. 

2.3 Boundary triplets and self-adjoint extensions 

In this section we briefly recall the basic facts on boundary triplets and the 
corresponding Weyl functions, cf. (TTI [T2l [T3l H~7] . 

Let A be a densely defined closed symmetric operator in the separable Hilbcrt 
space ff) with equal deficiency indices n±(A) — dim(kcr (A* =p i)) < oo. 

Definition 2.7 ( |17j ) A triplet n = {7Y,ro,ri}, where Ti is an auxiliary 
Hilbert space and ro,ri : dom (^4*) — > Ti are linear mappings, is called an 
(ordinary) boundary triplet for A* if the " abstract Green's identity" 

(A*f,g)-{f,A*g) = (T 1 f,T g) H -(T f,T 1 g) H , /, g G dom (A*), (2.7) 

holds and the mapping T := (T , Ti) T : dom (A*) — > W W is surjective. 

Definition 2.8 ( |17j ) A closed extension A' of ^4 is called a proper extension, 
in short A' G Ext A , ificA'c A*; 

Two proper extensions A', A" are called disjoint if dom(A') n dom (A") = 
dom (A) and transversal if in addition dom (A 1 ) + dom (A") = dom (A*). 

Clearly, any self-adjoint extension A = A* is proper, A G Ext^. A boundary 
triplet n = {H,Tq,Ti} for A* exists whenever n+(A) = ii-(A). Moreover, the 
relations n±(A) = dim(W) and ker (Tq) flker (Ti) = dom(A) are valid. Besides, 
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r ,ri G where S) + denotes the Hilbert space obtained by equipping 

dom (A*) with the graph norm of A* . 

With any boundary triplet II one associates two extensions Aj := A* \ 
ker (Tj), j G {0,1}, which are self-adjoint in view of Proposition 12.91 below. 
Conversely, for any extension Aq = Aq G Ext a there exists a (non-unique) 
boundary triplet II = {H, T , TJ for A* such that A Q := A* \ kcr (r ). 

Using the concept of boundary triplets one can parameterize all proper, in 
particular, self-adjoint extensions of A. For this purpose denote by C(H) the 
set of closed linear relations in Ti, that is, the set of (closed) linear subspaces of 
7i ©7i. The adjoint relation 0* G C(Tt) of a linear relation O in Ti is defined by 

9* = | (j^j : {ti, k) = (h, k') for all W G J . 

A linear relation is called symmetric if C 0* and self-adjoint if = 0*. 

The multivalued part mul(0) of G C(H) is mul(0) = {h G H : {0,h} G 
0}. Setting Hoc ■■= mul(0) and H op := we get H = H op © Hoc- This 
decomposition yields an orthogonal decomposition = op ©0oo where ©oo := 
{0} © mul(0) and op := {{f,g} G : / G dom(0), 5 _L mul(0)}. For the 
definition of the inverse and the resolvent set of a linear relation we refer to 

M- 

Proposition 2.9 Let II = {7i,Fo,Fi} be a boundary triplet for A* . Then the 
mapping 

(Ext A 3) A^ Tdom (1) = {{r /, Txf} : / G dom (A)} =: G C(H) (2.8) 

establishes a bijective correspondence between the sets Ext ,4 andC(TL). We put 
Aq := A where is defined by (|2.8[) . Moreover, the following holds: 

(i) Aq = Aq if and only if = 0*; 

(ii) The extensions Aq and Aq are disjoint if and only if Q G C(7i). In this case 
(|2.8p becomes 

Aq = A* \ kcr (Ti - QT ); 

(iii) The extensions Aq and Aq are transversal if and only if O = 0* G pi.]. 

In particular, Aj := A* \ ker (I\,-) = A &] , j G {0, 1} where O := {0} x H and 
0i := Ti x {0}. Hence Aj = A* since Qj = 0*. In the sequel the extension Aq 
is usually regarded as a reference self-adjoint extension. 

2.4 Weyl functions and 7-fields 

It is well known that Weyl functions give an important tool in the direct and 
inverse spectral theory of singular Sturm-Liouville operators. In [111 1121 113j the 
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concept of Weyl function was generalized to the case of an arbitrary symmetric 
operator A with n+ (A) = n_ (A) . Following [ITJ [T21 US] we recall basic facts on 
Weyl functions and 7-fields associated with a boundary triplet II. 

Definition 2.10 ([Til CL1]) Let II = {H, T , TJ be a boundary triplet for A* . 
The functions 7 (-) : g{A ) -> [H,Sj] and Af(-) : g(A ) -> [H] defined by 

7 (z) := (r r m.y 1 and Af(z) := T l7 (z), z G g(A ), (2.9) 
are called the "/-field and the Weyl function, respectively, corresponding to II. 

It follows from the identity dom (A*) = kcr (Fo)+91 2 , z G f?(A)), where ^4o = 
A* f kcr(ro), and 9t 2 := kcr (A* — z), that the 7-field j(-) is well defined and 
takes values in [7i,io]. Since Ti G it follows from (|2.9p that M(-) is 

well defined too and takes values in [Tt]. Moreover, both j(-) and M(-) are 
holomorphic on £»(Ao) and satisfy the following relations (see [T2"] ) 

7(z) = (/+(z-C)(^o-^)- 1 )7(C), *,Ce e (4>), (2.10) 

and 

Af(z)-M(C)* = («-C)7(Cr7(«). z,{€q(Ao). (2.11) 

The last identity yields that M(-) is a R-n- function, that is, M (•) is a [7i]-valued 
holomorphic function on C\R satisfying 

M(z) = M(zY and lm ( M (*)) > Q ^ z e C\M. 

Im (z) 

Moreover, it follows from (f2~TTj) that M(-) satisfies G £(Im (Af(z))), z G C\K. 

If A is a simple symmetric operator, then the Weyl function M(-) determines 
the pair {j4,^4 } uniquely up to unitary equivalence (see [13l[22]). Therefore 
M(-) contains (implicitly) full information on spectral properties of Aq. Wc 
recall that a symmetric operator is said to be simple if there is no non-trivial 
subspacc which reduces it to a self-adjoint operator. 

For a fixed Aq = Aq a boundary triplet II = {H, Tq, Ti} satisfying dom (Aq) = 
ker(ro) is not unique. Let IT,- = {Hj, T J , r{}, j G {1,2}, be two such triplets. 
Then the corresponding Weyl functions Mi(-) and M.2{-) are related by 

M 2 (z) = R*M 1 (z)R+R , (2.12) 

where Ro = Rq € [H2] an d R G [7^2,^1] is boundedly invcrtible. 

According to Proposition ^ . 91 the extensions Aq and Ao are not disjoint when- 
ever mul (0) ^ {0}. Considering Aq and Aq as extensions of an intermediate 
extension S := Aq \ (dom(Ao) H dom(^4e)) we can avoid this inconvenience. 

Lemma 2.11 Let II ~ {7i,ro,ri} be a boundary triplet for A* , M(-) the cor- 
responding Weyl function, = 0* G C{TL) and = op © 0oo its orthogonal 
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decomposition. Further let S := Aq \ (dom(Ao) H dom(^ie))- Then the triplet 
H = {H , T q, rj, defined by 

H :=H op = dom(0), f := T \ dom (S*), f x := 71^! f dom OS"), 

is a boundary triplet for S* , where 7r op is the orthogonal projection from H onto 
T^op; — S* \ kcr(r ) and Aq = Sq . The corresponding Weyl function is 

M(z) := n op M(z) \ n op , z G C±. (2.13) 

The proof can be found in [10] . Hence without loss of generality we can very 
often assume that the "coordinate" 8 := TA of an extension A = Aq = A e G 
Ext a corresponds to the graph of a self-adjoint operator. 

In what follows, without loss of generality, we always assume that the closed 
symmetric A is simple and, due to Lemma 12.111 the "coordinate" O of the 
extension Aq = A e G Ext a is the graph of a self-adjoint operator. 

2.5 Krein type formula for resolvents and comparability 

With any boundary triplet II = {7i,ro,ri} for A* and any proper (not neces- 
sarily self-adjoint) extension Aq G Ext a it is naturally associated the following 
(unique) Krein type formula (cf. [TT1 [T2l [T3] ) 

(AQ-zy'-iAo-z)- 1 = 1 (z)(e-M(z))- 1 1 (z)*, zG g(A Q )ng(AQ). (2.14) 

Formula (|2.14j) is a generalization of the known Krein formula for resolvents. 
We note also, that all objects in (|2.14j) are expressed in terms of the boundary 
triplet II (cf. [TTl [T21 [T3] ) . In other words, (|2.14p gives a relation between Krein- 
type formula for canonical resolvents and the theory of abstract boundary value 
problems (framework of boundary triplets). 

The following result is deduced from formula (|2.14[) (cf. [T2J Theorem 2]). 

Proposition 2.12 Let H = {Ti.,T ,Ti} be a boundary triplet for A* , <di = O* G 
C(7i), i G {1,2}. Then for any Schatten-von Neumann ideal & p , p G (0, oo], 
and any z G C \ R the following equivalence holds 

(A ei - z)- 1 - (Aq 2 - z)- 1 g e p (si) (6! - zy 1 - (e 2 - zy 1 G e p (n) 

In particular, (A &1 - zy 1 - (A - z)~ x G & p (Sj) (6i - i) _1 G 6 P (H). 
If in addition ©i, 2 G [H], then for any p G (0, oo] the equivalence holds 

(a @1 - zy 1 - (Aq 2 - zy 1 g e p (sj) <=> Gi - e 2 g e p (H). 
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2.6 Generalized boundary triplets and proper extensions 

In applications the concept of boundary triplets is too restrictive. Here we recall 
some facts on generalized boundary triplets following [13] , 

Definition 2.13 ([13], Definition 6.1]) A triplet II = {W,r Ti} is called a 
generalized boundary triplet for A* if Ti. is an auxiliary Hilbert space and Tj : 
dom (I\, ) — * Ti, j = 0, 1 are linear mappings such that dom (r) :~ dom (To) PI 
dom(Ti) is a core for A*, T is surjective, A := A* [ ker (r ) is self-adjoint 
and the following Green's formula holds 

(A*f,g)-(f,A*g) = (r 1 f,T g) n -(r f,r 1 g) n , /, S edom(A 4 ), (2.15) 

where A* := A* \ dom (T). 

By definition, A* := A* \ dom (r) and A* C A* = X and (A*)* = A. 
Clearly, every ordinary boundary triplet is a generalized boundary triplet. 

Lemma 2.14 ([13, Proposition 6.1]) Let Abe a densely defined closed sym- 
metric operator and let II = {H,Tq,Ti} be a generalized boundary triplet for 
A* . Then the following assertions are true: 

(i) 9t* := dom (A*) n N 2 is dense in 9t z and dom (A*) = dom (A ) + 

(ii) ridom(T ) =H; 

(iii) ker (r) = dom (A) and ran (r) = H®H. 

Lemma 2.15 Let A be a densely defined closed symmetric operator and let 
II = {7i, Tq,Ti} be a generalized boundary triplet for A*. Then the mapping 
T = {To, Ti} T is closable and T G C(Sj+, Ti). 

Proof. The Green's formula can be rewritten as (A*/, g) — (/, A*g) = (JTf, Tg) 
where T := (r ,ri) T and J := ^ Let /„ € dom(r ) n dom(r x ) = 

dom (A*), ||/„||j5 + -> and Tf n = {r / n ,ri/ n } -> {cp,i>} as n -> oo. Hence 
= lim [(A*f n ,g) - (f n ,A*g)} = {Jfoo,Tg), where := {<^,-0} T . 

n — >oo 

Since ran (r) is dense in Ti. © Ti. one has J/oo = 0. Thus, tp = ip = and F is 
closable. □ 

For any generalized boundary triplet n = {7YToTi} we set Aj := A* f 
ker(Fj), j £ {0, 1}. The extensions Aq and A\ are disjoint but not necessarily 
transversal. The latter holds if and only if n is an ordinary boundary triplet. 
In general, the extension A\ is only essentially self-adjoint. 

Starting with Definition 1 2. 1 31 one easily extends the definitions of 7-field and 
Weyl function to the case of a generalized boundary triplet n by analogy with 
Definition |ZTD](cf. [13, Definition 6.2]). 
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Definition 2.16 Let II = {7i,ro,ri} be a generalized boundary triplet for A*. 
Then the operator valued functions 7 (-) and M(-) defined by 

y(z) := (To \ : H -> ^ and M(z) := r l7 (z), 2 e g(A ), (2.16) 

are called the (generalized) 7-field and the Weyl function associated with the 
generalized boundary triplet II, respectively. 

It follows from Lemma f2.14f i') that 7 (-) takes values in [HjSj], ran (7(2)) = 
%l* := dom (A* ) D 9t z and it satisfies the identity similar to that of (|2.10p which 
shows that 7(2) is a holomorphic operator valued function on q(Aq). 

Further, one has dom(M(z)) = TC since ran 7 (z) C dom(ri), z £ q(Aq). By 
(|2.16p M(z) is closable since 7(2) is bounded and I\ is closable, by Lemma 
12.151 Hence, by the closed graph theorem M(-) takes values in [Tt\. Moreover, 
it is holomorphic on q(Aq), because so is 7 (-), and satisfies the relation (|2. 1 1|) . 
It follows that ker(ImM(z)) = {0}, z £ C+, though the stronger condition 
£ g(ImM(i))(<^ ran ( 7 (?)) = is satisfied if and only if II is an ordinary 
boundary triplet (in the sense of Definition 12. 7[) . 

In the sequel we need the following simple but useful statement. 

Proposition 2.17 Let II = {7i,ro,ri} be an ordinary boundary triplet for 
A*, M(-) the corresponding Weyl function, B = B* £ C(TL) and Ab — A* \ 
ker(I\ - BT ). Let T? := T and Tq := BT Q - Tl Then 

(i) Hb = {7i, Tq , Tf} is a generalized boundary triplet for A* such that it holds 
dom (A*) := dom (T) := dom (A ) + dom (A B ) Q dom (A*), A% = A; 

(ii) the corresponding (generalized) Weyl function Mb (•) is 

M B (z) = (B - M(z))- 1 , z£<C ± ; 

(iii) lis is an (ordinary) boundary triplet if and only if B — B* £ [H]. In this 
case Mb(-) is an ordinary Weyl function in the sense of Definition \2. 7\ 

Note, an analogon of Proposition 12.91 does not hold for generalized boundary 
triplets. Nevertheless, since the corresponding Weyl function determines the 
pair {A,Ao} uniquely, up to unitary equivalence, it is possible to describe the 
spectral properties of Aq in terms of the (generalized) Weyl function M(-). 

3 Weyl function and spectral multiplicity 

Throughout of this section A is a densely defined simple closed symmetric oper- 
ator in f) with n + (A) = n-(A). Let II = {H, Tq, Ti} be a generalized boundary 
triplet for A*, and let M(-) be the corresponding generalized Weyl function. 
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Since M(-) <G {Rh) it admits representation (|2.3p . Since A is densely defined 
(see [Ml [26]), one gets C\ = 0, i.e. 



M(z) = C + I [__-__]dE M . 



Proposition 3.1 Le/j A be a densely defined, simple closed symmetric operator 
and let H — {Ti, Tq, Y\} be a generalized boundary triplet for A*(C A*), A% = A, 
and letM(-) be the corresponding Weyl function. IfEA a is the spectral measure 
of A := A* \ kcr (r ), then E M « E Ao and T,fj « E% C Q . 

Proof. Alongside Em(-) we introduce the bounded operator measure S^ f (-), 



Clearly, E 1 ^- (•) « Sjvf(-)- According to [H formula (2.16)] one has 

E§ f (5)= 7 (i)*^ (*) 7 (t), ieB(M), (3.1) 

where 7 (-) is the generalized 7-field of II. Note, that though formula (|3.1[) is 
proved in [2] for ordinary boundary triplets, the proof remains valid for gener- 
alized boundary triplets. Due to the simplicity of A one has 

span {(A - z)" 1 ran( 7 (i)) : zeC + UC_}=fi. 



Hence the subspace 9ti := 9t*, where 91* := ran (7(1)) is cyclic for Ao- Next, let 
Pi be the orthogonal projection from S) onto 9t;. WesetS^(-) :— PiEA {-) \VU- 

Clearly, S° {f (-) is an operator measure. Since the linear manifold 9t* is cyclic 



for tIq, one gets from [2"Tl Theorem 4.15] that the measures TP M and Ea are 



spectrally equivalent. 

Note that E° / (-) = 7(i)*E"j(-)7(i). Since ran (7(1)) is dense in 9tj, the latter 
yields E^ ~ fP M . Let D G 6 2 {H) and kcr (D) = kcr (D*) = {0}. Wc set 

«W M *(*) - dp(t) and «r-.^-(t) ._ _____ 

where p is a scalar measure such that E° f ~ p and D := j(i)D : H — > 9lj. We 
note that ker (5) = ker (£>*) = {0}. By [23 Corollary 4.7] we have 

N Ki (t) = rank (I^.e^ £,(*)) and JVg^ff) - rank (^.go^C*)) 

for a.e. t £ 1 (mod(p)). Since "J^^o D (t) = * 5 ,g ^(i) for a.e. f e R 
(mod(/o)) we get A E o (t) = Ag (t) for a.e. t e R (mod(p)). Hence E^ and 
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TP M are spectrally equivalent. Since TP M and Ea are spectrally equivalent the 
measures and Ea are spectrally equivalent. This proves the first statement. 

The second statement follows from the equality jf^j lL (6) = E A c Q {8)"f{i), 
5 G B(M) where T,°^ c is the absolutely continuous part of TP M . □ 

The proof of Proposition 13.11 leads to the following computing procedure for 
iVgac {t): choosing D G 62 (H) such that ker (D) = ker (D*) = {0} we introduce 
the sandwiched Weyl function M D (-), 

(M D )(z) := D*M(z)D, z G C+. 

It turns out that the limit {M )[t) := s-\im y ^ + o M D (t + iy) exists for a.e. 
t G R. We define in accordance with (|2.13p the function d M r> (•) : R — > NU {00}, 

d M n(t) := rank(Im(M D (t))) = dim(ran (lm(M D (t)))) 

which is well-defined for a.e. t£R. 

For a measurable non-negative function £ : R — ► R + defined for a.e. t 6 M 
we introduce its support supp (£) := {t G R : £(£) > 0}. By cl ac (-) we denote 
the absolutely continuous closure of a Borel set of R., cf. Appendix. 

Proposition 3.2 Let A be as in Provosition \3.1l let H = {7Y,ro,ri} be 
a generalized boundary triplet for ^4*(C A*), A* = A, and let M(-) be the 
corresponding Weyl function. Further, let Ea (-) be the spectral measure of 
A = A., \ ker (r ) = A%. IfD G & 2 {H) and satisfies ker (D) = ker (D*) = {0}, 
then NE°f (t) = d M o(t) for a.e. t G R and o- ac (A$) = cl ac (supp (d^/o )). 

//, in addition, the limit M(t) := s-limj,^ + o M(t + iy) exists for a.e. t G R, 
then Ne<%> (t) = <ijVf (i) /or a.e. te R and CT a c(^o) = cl ac (supp (c/m))- 

Proof. The relation Ne™ (t) = d,Mo(t) follows from Theorem 12 . 51 and Theorem 
|3~T1 Further, let {gk}k=v 1 < N < 00, be a total set in U. We set h k := Dg k . 
One easily verifies that {h n }n=i is a total set. We set Mh n (z) := (M(z)h n , h n ), 
z G C+. Clearly, Mh n (z) is i?-function for every n G {1, 2, . . . , TV} and 

M hn (t) := Urn M h Jt + iy) = (M(t)h n ,h n ) 

exists for a.e. t G R. Set 

n ac {M hn ) :={(€!: < lm(M hn (t)) < co}. 
Combining [9l Proposition 4.1] with Lemma [A.3l we obtain 

~~N / JV \ 

a ac (A ) = (J c\ ac (fl ac (M h J) = cl ac (J O ac (M fe J . (3.2) 
fe=i \fe=i / 
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If t G supp(d M r>), then lm((M D )(t)) ± 0. Hence i e fi c(Afh n ) for some 



n e {1, 2, . . . , TV}. Therefore supp (d A /o) C [J^ =1 £l ac {Mh n ) which yields 



N 



cl ac (supp (d M D)) C cl ac (J n oc (Mfc n ) . (3.3) 



\k=l 



Conversely, if t G n ac (M h J n £ m d, where £ m d := {( e I : 3 (A/ D )(i)}, for 
some n, then < d M n(t). Hence Cl ac (Mh n ) H £ A /d C supp(dj l /u) which yields 
Ufc=i Ooc(A^ n ) R £ m d C supp (d M o). Hence 

cl ac ^IJ oc (M hn )n = cl ac ^y O ac (M hn )^ C cl ac (supp(d M o)) 

Combining this equality with (|3.2p and (|3 . 3|) we obtain a ac (Ao) = 
cl ac (supp(d M £>)). □ 



Corollary 3.3 Let A &e as in Provosition \3.°A let IV = {Ti, To, Ti} &e an ordi- 
nary boundary triplet for A* and let M(-) be the corresponding Weyl function. 
Further, let B = B* G C(W), A B = A* f kcr (Ti - Br ) and E Ab (•) tfoe spectral 
measure of Ag. If D G &2CH) and satisfies ker (_D) = ker(_D*) = {0}, i/ien 
N E ac B (t) = d M n(t) for a.e. ieR and cr ac (A B ) = cl oc (supp (d M n)). 

If, in addition, the limit Afs(t) := s-lim^+o A/b (i + *y) exists for a.e. i€K, 
t/iera iVgac (i) = d MB (t) for a.e. ieR and ct oc (Ab) = cl ac (supp (djif B )). 



Proof. By Proposition ^. 17I Hr = {Tt, Tq , Tf } is a generalized boundary triplet 
for A* := A* \ dom(A^), dom(A*) = dom(A ) +dom(A B ). and M B (z) = 
(B — Af(z)) -1 , z G C+, the corresponding generalized Weyl function. Clearly, 
Ab = A* \ kcr (r^). It remains to apply Proposition 13. 21 □ 

This leads to the following theorem. 



Theorem 3.4 Let A be a densely defined closed symmetric operator, let H = 
{H.,To,Ti} be an ordinary boundary triplet for A* and let Af(-) be the cor- 
responding Weyl function. Further, let As '■= A* \ ker (Ti — BTq), B = 
B* G C(7i), and Ea b {-) the spectral measure of As- Let D G ©2(7^) and 
ker(L>) = ker (£)*) = {0}. Then 

(i) A E% c o (T>) is a part of A b E% c b (T>) if and only ifd M n(t) < d M n(t) for a.e. 
teV. 

(ii) AqEj£ (T>) and AbE"^ (D) are unitarily equivalent if and only ifdj^n(t) = 
d M o(t) for a.e. t G T>. 

Proof. Without loss of generality we assume that A is simple since the self- 
adjoint part of A is contained as a direct summand in any self-adjoint extension 
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of A. We to show that Tffi(6) = for some S G B b (R) if and only if d M n (t) = 
for a.e t G 5. By the Berezanskii-Gel'fand-Kostyuchenko theorem [3l [7] the 
derivative Vl/ fl>s M fl(t) := 4?D*Y,(t)D exists and the relation 



holds. One has £^(<5) = if and only if ^D*T, M D(t) = for a.e. t € S. Since 
d MD (i) = dim(ran(*D. EM £>(*))) for a.e. (elwc find that S^(<5 flP) = if 
and only if d^o (t) = for a.e. t G SfXV. Similarly we prove that (SOU) = 
if and only if d,D-M B D{t) = for a.e. t G 5 n 2?. 

(i) Since by assumption d^D (t) < d M r> it) for a.e. i G T>, one gets by the 
considerations above that Y,%(8 nV) ~< S^ B (<5 n 2?). By Theorem 1231 we have 
jVs S (i) = d MD (i) and iV s «= (t) = rf M o (t) for a.e i G K. Hence 7V S - (t) < 
iVs»c (i) for a.e. t G 2? which proves that the restricted measures n 2?) 
is spectrally subordinated to (" ^ °f- Definition I2.3f i). Since £^ « 
£^ c o and E^ fl w £^ C B , by Theorem O we get that £%(■ n V) is spectrally 
subordinated to E a A c (■ D 2?) . Applying Theorem E4ji) we complete the proof. 

(ii) If d M o(t) = d D , MBD {t) for a.e. t G 2?, then n V) ~ S^ B (- fl 2?). 
By Theorem E3J iVsg (i) = d M o (t) and 7V SS (t) = d M n (t) for a.e t G K which 

implies that the operator measures n T>) and (■ n T>) are spectrally 

equivalent, cf. Definition E|ii). By TheoremO E a A c o (-C\V) and E a A c B (-02?) are 
spectrally equivalent. Applying Theorem I2.4f ii) we prove that the absolutely 
continuous parts AoEj^(T>) and AbE a c (T>) are unitarily equivalent. □ 

Theorem 13.41 reduces the problem of unitary equivalence of ac-parts of certain 
self-adjoint extensions of A to investigation of the functions d M D (•) and d M D (•). 

Corollary 3.5 Let A be as in Theorem \3.4\ If the self-adjoint extensions A 
and A' of A are ac-minimal, then their ac-parts are unitarily equivalent. 

4 Unitary equivalence 
4.1 Preliminaries 

In what follows we assume that A is a densely defined simple closed symmetric 
operator in fj. By Aq we denote a self-adjoint extension of A which is fixed. 
Alongside Aq we consider A = A* G Ext a ■ Usually we assume that 



It is known (see [12] that there exists a boundary triplet II := {H : Yq,Ti] for 
A* such that Aq := A* \ ker(To). Of course, the boundary triplet II is not 




(A -i)- 1 - (A)-*) -1 6600(55). 



(4.1) 
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uniquely determined by the assumption Ao := A* \ ker (To). If III and II2 are 
two such boundary triplets of A* , then their Weyl functions -Mi(-) and M2(-) 
arc related by (|2~T31) (cf. [T2]). 

Fix a boundary triplet II := {7Y,ro,IT} for A* such that Aq = ^4*ker(ro). 
By Proposition 12. 91 there is a linear relation O = O* G C(TL) such that A = Aq. 
In general, is not the graph of an operator, g" C(Tt). However, let us assume 
that is the graph an operator B. By Proposition ^. 121 we get that (B — i)' 1 G 
& 00(f)), that means, that B is a self-adjoint operator with discrete spectrum. 
Hence, g(B) flR ^ 0. In what follows we assume without loss of generality that 
G q(B). According to the polar decomposition we have B^ 1 = DJD where 

D := \B\- l/2 = D* G &oc(?)) and J := sign(B) = J* = J -1 . (4.2) 

Clearly, D G 600(H), ker (D) = {0}, and D commutes with J. We set 

G(z):=J-M D (z), zgC+, (4.3) 

M D (z) := DM(z)D, z G C+, as usually. Obviously, M D (z) and -G(z) are 
JJ-functions. We have ker(G(z)) = {0} for every z G C+. Indeed, if G(z)f = 0, 
then Jf = DM(z)Df. Hence, Im(M(z)Df, Df) = Im( J/, /) = which yields 
£>/ = or / = 0. Since J is a Frcdholm operator satisfying ker (J) = ker (J*) = 
{0} we find by [20, Theorem 5.26] that G(z) is boundedly invertible for z G C + . 
We set T(z) := G(z)~ 1 , z G C + and note that T(-) is a Ncvanlinna function 
because so is M D {-). Moreover, T(z) - J = T(z)M D (z)J G &oo($)) for z G C+. 

4.2 Trace class perturbations: Rosenblum-Kato theorem 

Here we apply the Weyl function technique in order to obtain a simple and quite 
different proof of the classical Roscnblum-Kato theorem. In fact, we prove a gen- 
eralization of the Rosenblum-Kato theorem due to Birman and Krein [5] which 
includes non-additive (trace class) perturbations. Our proof demonstrates the 
main idea of the proof of more general results contained in the next subsection. 

Theorem 4.1 Let A® and A be self-adjoint operators in satisfying 

(A-i)~ 1 -(A -i)- 1 e6i(£). (4.4) 

Then the absolutely continuous parts A ac and Aq c of A and Aq, respectively, are 
unitarily equivalent. 

Proof. To include the operators A ac and A^ c in the framework of extension 
theory we set 

A := Ao \ dom (A), dom (A) = {/ g dom (A) n dom (A ) : A f = If}. 
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Obviously, we have A := A \ dom (A). Clearly, A is a closed symmetric operator 
in io with equal deficiency indices and Aq, A G Ext a- 

First we assume that A is densely defined. Let LI = {H,Tq 7 Ti} be a (ordi- 
nary) boundary triplet for A*, such that Aq := A* \ ker(r ), and M(-) the 
corresponding Weyl function. By definition A = A* G Ext a and A and Aq are 
disjoint, that is, dom (A) = dom (Aq) n dom (^4). Hence, by Proposition 12. 9f ii). 
there exists an operator B = B* E C(TL) such that A = A B - 

It follows from (|2~T1)) and gU) that M B (z) := (B - M(z))" 1 G 6i(W) 
for z G C+. In accordance with Lemma 2.4], see also [31], the limits 
M B (t) := lim^ + o M B (t + iy) exist in & 2 {U), for a.c (6l. By Theorem [3^41 
it is it suffices to calculate the multiplicity function d,M B (t) := rank(Afg(i)) = 
dim(ran(Im(M B (t)))). 

It follows from O and (O that 

TO) = G(z)- 1 = (J - M D (z)) _1 = (J - DM{z)Dy 1 (4.5) 
= D-^D-KJD- 1 - A/(z)) _1 D- 1 = l^l 1 / 2 ^ - M^)) -1 ^! 1 / 2 , z G C+. 

Combining this relation with (|4.2p yields 

MsO) := (S - M(z))- 1 = DT(z)D, z G C+. 

In turn, this equality implies 

lm{M B (z)) = DT{z)* Im(M D (z))T(z)D, z G C+. (4.6) 

Moreover, since M D (z) G 61(H) and T(z) - J G 61 for z G C+, by Lemma 
2.4] (see also [31]), for a.e igl and y — > there exist the limits M D (t) and 
T(t) in ©2(H)-norm of the Nevanlinna operator functions A/-°((i + iy)) and 
T(t + iy), respectively. Therefore passing to the limit in (|4. 6[) as y — > we get 

Im(Mu(*)) = DT(t)* lm(M D (t))T(t)D for a.c. f G R. (4.7) 

Therefore wc find 

d MB (t) = dim(ran (Im(M fl (t)))) (4.8) 
= dim(ran( v /lm(M B (t)))) = dim(ran (yJlm(M D (t))T(t)D)). 

Since (J - M D (t))T(t) = T(t)(J - M D (t)) = I for a.e. t G R, w c find 
ran(T(i)) = 7i for a.e. t £ 1, Combining this relation with ran(D) = H 
and (|4.8p we obtain 

d Mfi (t) = dim(ran(y / Im(M I3 (t)))) = dim(ran (Im(M D (*)))) = d M n{t) (4.9) 
for a.e. tel. Applying Theorem 13. 4f ii) we complete this part of the proof. 
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If A is not densely defined one can repeat the above reasonings applying only 
the boundary triplet technique for non-densely defined symmetric operators 
developed in [T3J, [53] . It turns out that the proof above can easily be carried 
over to this case. □ 

In the following corollary we show that in proving of unitary equivalence of 
Aq and A G Ext a it suffices to restrict the consideration to disjoint extensions. 



Corollary 4.2 Let A be a densely defined closed symmetric operator in f), let 
II = {TL, To, Til be an ordinary boundary triplet for A*, and let M(-) be the 
corresponding Weyl function. Let also Aq := A* \ ker(To) and T> G B(M). 

(i) If A% c E Ao (V) is a part of A ac E A (V) for any extension A = A* G Ext A 
disjoint with Aq, then Aq c Ea (D) is a part of A ac E^(T>) for any extension 
A = A* G Ext A . 

(ii) If Aq c Ea (2?) is unitarily equivalent to A ac E^(T>) for any extension A = 
A* G Ext a disjoint with Aq, then Aq c Ea (J)) is unitarily equivalent to the 
absolutely continuous part A ac E^(T>) of any extension A = A* G Ext^. 

Proof. By Proposition 12.91 an extension A G Ext^ which is not disjoint with 
Aq admits a representation Aq with 9 = O* G C(H) \ C(H). However, 
admits a decomposition H = H op ffi Hoc © = ©o P © ©oo where op is the 
graph of the operator B op = B* p G C(H op ) (cf. Section 2). Denoting by 7r op the 
orthogonal projection from Ti onto Ti op and M op (z) :— n op M(z) \ 7i. op , we get 
(6 - M(z))- 1 = (B op - Af op (z))" 1 7r op . Therefore formula ([2~T4]) takes the form 

(A e - z)- 1 - (Aq - z)- 1 = 7 (z)(£op - M op (z))~ V op7 (z)*, z G C± . 

Choose an operator = G C(Hoc) such that (B^ — G &i(Ttoc) and 
put B = B op © Boo. It follows from Proposition 1 2 . 1 21 that 

{A e - z)- 1 - (A B - z)- 1 e 

since (Boo — i)^ 1 G 6i(7ioo)- By Theorem 14. II the absolutely continuous parts 
A e c and A a B of Aq and Ab, respectively, are unitarily equivalent. 

(i) Since by assumption Aq c Ea (£>) is a part of A b c Ea b (T>) and A B C is uni- 
tarily equivalent to we get that A^ c E Ao (T>) is a part of A^E Ae (T>). 

(ii) Since, by assumption, A^ c Ea {P) is unitarily equivalent to A b c Ea b {T>) 
and A B C is unitarily equivalent to Aq , we get that Aq c Ea (T>) is unitarily equiv- 
alent to Aq c Ea (L)). □ 
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4.3 Compact non-additive perturbations 

Here we generalize the Rosenblum-Kato theorem for the case of compact per- 
turbations. To this end we assume that the maximal normal function 

m + {t) := sup \\M(t + iy)\\ 

0<y<l 

is finite for a.e. t £ R. This is the case if and only if the normal limits M(t) := 
w-lim. y ^ + o M (t + iy) exist and are bounded operators for a.e. t £ R. Indeed, 
let D = D* be a Hilbert-Schmidt operator such that ker (D) = {0} and let 
M D {z) := DM(z)D, z £ C+. Since the limit M D (t) := o-lim^+o M D (t + iy) 
exists and is a bounded operator for a.e. t€R, see [5j[3T|, we find that 

lim (M(t + iy)Df, Dg) = (M D (t)f, g), /, g £ H, for a.e. t £ E. 

Hence the limit lim y ^ + o(M (t + iy)h, k) exists for a.e. t £ M. and h,k £ ran (D) 
which yields the existence of M{t) := w-lim y ^ + o M(t + iy) for a.e. t £ K. The 
converse statement is obvious. 

Now we are ready to prove the main result of this section. 

Theorem 4.3 Let A be a densely defined, closed symmetric operator in fj, 
let n = {7i,ro,ri} be an ordinary boundary triplet for A*, and let M(-) be 
the corresponding Weyl function. Let A be a self-adjoint extension of A and 
Aa := A* \ ker(ro). If the maximal normal function m + (t) is finite for a.e. 
t g R and condition (|4.1|) is satisfied, then the absolutely continuous parts A ac 
and Aq c of A and Aq, respectively, are unitarily equivalent. 

Proof. We divide the proof into several steps. 

(i) First we assume that the extensions A and A are disjoint, that is A = Ag 
where B = B* £ C(H.). Wc define the operator D £ 6oo(7i) in accordance 
with (O, D := IBI" 1 / 2 , and investigate the function M D (z) := M D (z) := 
DM{z)D, z £ C+. Let M D (t) := DM(t)D. Since the (weak) limit M(t) := 
w-liniy^+o M(i + iy) exists for a.e. t £ R, by [3TJ Lemma 6.1.4], the following 
limit exists 

o- lim \\M D {t + iy) - M D {t)\\ =0 for a.e. (el. (4.10) 

Let S a ■= {t £ R : ||M(f)|| < a}. Since D = D* is a a non-negative compact 
operator, it admits the spectral decomposition 

where {/a;}^, is the decreasing sequence of eigenvalues of D, {Q;}; s n the 
corresponding sequence of eigenprojections, dimjQ;} < oo. 
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Since /i/ — ► as I — * oo, there exists a number ( n eN such that jU; a < l/v2a. 
We put := 0~ Za+1 QzH and H 2 := <3i^- Clearly, W = Hi © H 2 and 

dim(7i2) < oo- Moreover, the operator P/ admits the following decomposition 
D = Di ® D 2 where 

oo l a 

Di := ^2 WQl and D 2 :='^2^iQi. 

i=i a +\ 1=1 

Since /i; a < l/y/2a, we have ||-Di|| < l/v2a. Hence 

||J3iAf(*)Z>i|| < 1/2, iG<5 Q . (4.11) 

Denote by Pi and P2 the orthogonal projections from 7i onto 7ii and H 2 , 
respectively. Note that Pi J = J Pi and P 2 J = JP 2 ■ 

(ii) Our next aim is to show that the operator function G(z) := J — M D (z) is 
invertible in C+ and that T(z) := G{z)~ 1 has the limits T(t) := s-lim^+o T(t+ 
iy) for a.e. t £ 8 a - For this purpose we consider the decompositions 

m d (z)-(dm(z)d\ 2 -( m &*) m ^ z A- e 1 -> e 1 

z G C+, and 

Ji-M°{z) -M°(z) \ 
-M£(z) J 2 -Mg{z))' ZGlL+ ' 

where Ji := JPi and J2 := JP2. 

(ii) 1 Let us prove that ker ( Ji — AP^(z)) = {0} for z G C+. Indeed, from 
= Jxg - MR(z)g = Jig - D 1 M(z)D 1 g one gets that = Im(M&(z)g,g) = 
(Im(M(z)D 1 g, Dig). Hence = Dig = Dg which yields g = 0. Since G £>(Ji) 
and M-ft(-) G 600, we obtain that the operator Ji-M^(z) = P(P - JiM^(z)) 
is boundedly invertible for every z G C+. Since M[{(z) is a P-^ -function, we 
get that S(z) := (Ji — M-fJ^z)) -1 , z G C+, is a P^-function too. 

(ii) 2 We show that for a.e. t G 6 a , a > 0, the limit S(i) := o4im.j,_> + o 3(i+iy) 
exists in the operator norm and the following representation holds 

E(t) = (J 1 -M°(t))- 1 . (4.12) 

First we note that Ji - M^(z) = P(P - J x M^(z). Using (j4~TT|) we get 
||JiM^(f)|| < 1 for t G S a . Hence the inverse operator (h - JiM^t)) -1 
exists for t G <5 a - Using (Ji - M-g(i)) -1 = (P - Ji M^(t)) -1 P wc find that 
the inverse operator (p — ilP^(t)) -1 exist for i G 5 a . Since M-q(z) has limits 
M-^(i) for a.e. ( £ R one gets that JiM^(t) = o-lim^+o JiM^(t + iy) for 
a.e. i e K. Fix any such to G 5 a - Then due to estimate f|4. there exists 
V = ^(^o) such that supjWQ^ ||pM^(t + iy)\\ < 1/2. Therefore, the family 



G{z) =J-M u {z) 
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{|| (Ji — JiMil(to + iy)) 1 ||}ye(o,?;) is uniformly bounded for any fixed to G S a . 
Using this fact and (|4. 10[) we can pass to the limit as y — > in the identity 

(h - JiMg(to + iy))- 1 - (h - .hM^to))- 1 
= (h - ,hM°{t + iyy-^JiM&ito + iy)) - AM&itoWi - JiM^(io))- 1 . 

We obtain o-lim^+o^Ii - JxM^t+iy))- 1 = {h - J 1 M l D l {t))~ 1 for a.c. t G S a 
which yields the existence of S(f ) := o-linij,^ + o S(f + iy) and proves represen- 
tation (|4~T2|) . 

(ii)3 Next we set 

A(z) := Mg{z) + M°{z){J x - M^(z))- 1 M°(z), z G C+. 

and show that the function T2(-) := (J2 — A(-))" 1 is i?-^ 2 -function. 

Clearly, A(-) is holomorphic in C+ and it acts in a finite dimensional Hilbert 
space Ti.2- Since det(J2 — A(-)) is also holomorphic in C+, the determinant 
det( J2 — A(-)) has only a discrete set of zeros in C+. Hence the inverse operator 
^M") : = {J2 — A(-)) -1 exists for z G SI C C+ where C+ \ is at most countable 
discrete set, that is, X^-) is meromorphic in C+. 

As we just mentioned the inverse operator (J 2 — A(z)) -1 exists for zGfic 
C+. Choose any z G 0. Then, by the Frobcnius formula, 

T(z) — (T-M D (z))~ 1 - ( Tl(z) Z(z)MP 2 (z)T 2 {z)\ 
T{z).-{J M (z)) - [t 2{z)m d {z)s{z) Ta(z) ) (4.13) 

where 

T x {z) := S(z) + E(z)M^(z)T 2 (z)M 2 D 1 (z)E(z). (4.14) 

Hence 

T 2 (z) = P 2 T(z) \H 2 , z G fi. 

Since T(-) is a -R-H-function, we get that Im(T2(z)) > for z G SI. Since in 
addition T 2 {-) is meromorphic in C+, we conclude that it is holomorphic. Thus, 
T 2 (-) = (J 2 - A(-)) -1 is Rn 2 -function, too. 

(ii) 4 In this step we show that for any a > the limit T(t) := o-lim^+o T(t+ 
iy) exists in the operator norm for a.e. t G S a . Since T 2 {-) is the matrix Rh 2 ~ 
function, the limit T 2 (t) = o-linij,^ + o T 2 (t + iy) exists for a.e. t G R. Besides, 
gini) yields 

lim 1 1 Mg (t + iy) - M°(t)\\ = and Urn 1 1 M£ (t + iy) - Mg (t) \\ = 

for a.e. f G M. Combining these relations with (|4.12l) and (|4.14p yields 
the existence of the limit Tx(t) := o-lim y ^ + o T\{t + iy) for a.e t G 5 a . Finally, 
combining all these relations with the block-matrix representation (|4.13[) we 
complete the proof of (ii). 

(iii) Using the results of (ii) we are now going to complete the proof of the 
theorem. We set 8 n := {t G M : m, + (t) < n] and note that UneN^™ differs 
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from R by a set of Lebesgue measure zero. By step (ii) the limit T(t) := 
o-limj^+o T(t + iy) exists for a.e. t £ U nGN S n in the operator norm. Hence the 
limit T(t) := o-lim^+o T{t + iy) exist for a.e. i6l. Combining this fact with 
(|4.10p we can pass to the limit in the identity (J - M D (t + iyj)T(t + iy) = I 
as y — > 0. We get 

(J-M D (t))T(t)=T(t)(J-M D (t))=I for a.e. ieR (4.15) 

The rest of the proof is similar to that of Theorem 14.11 First we assume that 
A is disjoint with Aq, hence, it admits a representation A = Ag with B g 
C(H). Therefore, setting Mg(-) := (B — M(-)) -1 and assuming without loss of 
generality that € q{B) we arrive at the representation (|4.7|) with D = |B| -1 / 2 
for a.e. tel. Moreover, (|4~T5)) yields ran(T(t)) = for a.e. t e R. Therefore 
arguing as in (|4.8|) and (|4.9[) we obtain 



d A / B (*) = dim(ran (Jlm(M )) = dim(ran (\/lm(M(i))Z) )) 
= dim(ran (y/lm(M(t)) )) = dim(ran (Im(M(t)))) = ^(f) 

for a.e. t £ R. Applying Theorem 13. 4f ii) we complete the proof. 

Finally, we apply Corollary 14.21 to extend the proof for extensions A not 
disjoint with Aq. □ 

Remark 4.4 The result as well as the proof remains valid if A is non-densely 
defined. In this case it suffices to use the boundary triplet technique for non- 
densely defined operators developed in (T3l [26] , cf. proof of Theorem 14. II How- 
ever, the assumptions on the Weyl function are indispensable. 

The following result is immediate from Theorem 13. 4f ii) and Theorem l4.3l 

Corollary 4.5 Let the assumptions of Theorem ^. 3\ be satisfied and let 

J:={t£l: m + (t) < oo}. (4.16) 

If condition (|4~T|) holds, then the parts A ac E^ ac (T) and Aq c Ea^ (J 7 ) of A and 
Aq, respectively, are unitarily equivalent. 



Remark 4.6 Let us define the invariant maximal normal function 



m+(t) := sup Im(M(i))~ 1/2 (M(t + iy) - Rc(M(i))) lm{M(i))~ 1/2 
ye(o,i] 

(4.17) 

for t € R. For Weyl functions one easily proves that m + (t) is finite if and only 
if m + (t) is finite. 
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(i) The quantity vn + (t) has the advantage that it is invariant: Let A be a densely 
defined closed symmetric operator, II = {H,T ,Ti} a boundary triplet for A*, 
and M(-) the corresponding Weyl function. Further, let II = {H, r ,ri} be 
another boundary triplet for A* with the Weyl function M(-) and let Ao := 
A* \ ker (T ) = A* \ ker (f ). In this case M(-) and M(-) are related by igUg) 
However, fn + (t) = rn + (t) for igR, where m + (t) is obtained by replacing in 
(JUT]) M(.) by M(-). 

(ii) Further, if the Weyl function M(-) satisfies M(i) = i, then m + (i) = m + (i) 
for t G M. 

(iii) Let ir be an orthogonal projection onto a subspace TC of 7i. If trt + (t) is 
finite, then the invariant maximal normal function m + (t), obtained from (|4.17[) 
replacing M(-) by M (•) := irM(-) \ H , is also finite and satisfies m + (i) < 
tn+0) for t G R. 



5 Direct sums of symmetric operators 
5.1 Boundary triplets for direct sums 

Let S n be a closed densely defined symmetric operators in $j n , n + (S n ) = 
ri-(Sn), and let II n = {Ti. n ,TQ n ,Ti n } be a boundary triplet for S*, nfN. Let 

oo oo 

A := S n , dom (A) := dom (S n ). (5.1) 

n— 1 n— 1 

Clearly, A is a closed densely defined symmetric operator in the Hilbert space 
£> := 0^=i-6n with "±(^4) = oo. Consider the direct sum II := ®^ =i n„ =: 
{7i,ro,ri} of (ordinary) boundary triplets defined by 

oo oo oo 

W:=0«„, r o :=0r Oll and r 1 :=0r lll . (5.2) 

n—1 n—1 n—1 

Clearly, 

oo oo 

A* = 05;, dom (A*) =0 dom (S;). (5.3) 

n—1 n—1 

We note that the Green's identity 

(5 n / n ,9n) ~ ifn,S^g n ) = (r in / n , r „5 n )-H„ — (ron/niT^n)-^, 

fn,9n G dom(S;), holds for every S 1 *, nfN. This yields the Green's identity 
(|2TT5)) for A* := A* \ dom(r), dom (T) := dom(r ) n dom (la) C dom (A*), 
that is, for / = ®^ =1 f n , 9 = ®^=i9n & dom(r) we have 

(A,f,g)-(f,A,g) = (T 1 f,Vo9)u-(Tof,T ig ) H , f,gedom(T), (5.4) 
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where A* and Tj are denned by (|5.3[) and (|5.2p . respectively. However, the 
Green's identity (|5.4[) cannot be extended to dom (A*) in general, since dom (T) 
is smaller than dom (A* ) gencrically. It might even happen that Tj arc not 
bounded as mappings from dom (A*) equipped with the graph norm into H. 
Counterexamples for the direct sum II = (B^L-JIn, which does not form a 
boundary triplet, firstly appeared in [2"T]V 

In this section we show that it is always possible to modify the boundary 
triplets II„ in such a way that a new sequence II„ = {H n , To, Ti} of boundary 
triplets for S 1 * satisfies the following properties: II = (B^ =1 H n forms a boundary 
triplet for A* and the following relations hold 

S 0n ■= S* f kcr (r 0n ) = S* \ ker (T 0n ) =: S 0n , n G N. (5.5) 

Hence Ao := ®^ =1 So n — (B^LiSon ='■ An. We note that the existence of a 
boundary triplet n' = {H, Tq,^} for A* satisfying ker(rg) = dom(Ao) is 
known (see |17l I12j). However, we emphasize that in applications we need a 
special form (|5.2p of a boundary triplet for A* because it leads to the block- 
diagonal form of the corresponding Weyl function (cf. Sections 5.2, 5.3 below). 

We start with a simple technical lemma. 

Lemma 5.1 Let S be a densely defined closed symmetric operator with equal 
deficiency indices, IV = {Ti.,T ,Ti} a boundary triplet for S* , and M(-) the cor- 
responding Weyl function. Then there exists a boundary triplet II = {Tl,To,Ti} 
for S* such that ker (ro) = ker (ro) and the corresponding Weyl function M(-) 
satisfies M(i) = i. 

Proof. Let M(i) = Q + iR 2 where Q := Re(M(i)), R := y/1m(M(i)). We set 

f :=i?r and fi := R' 1 ^ - QT ). (5.6) 

A straightforward computation shows that n := {H,Tq,Ti} is a boundary 
triplet for _A* . Clearly, ker(f ) = ker(r ). The Weyl function Af(-) of U is 
given by M(-) = i?^ 1 (A/(-) - Q)Rr x which yields M(i) =i. □ 

If 5* is a densely defined closed symmetric operator in Sj, then by the first v. 
Neumann formula the direct decomposition dom (S*) = dom (S) + 91; + *Jl_i 
holds where s Xl±i := kcr (S* =p i). Equipping dom (5*) with the inner product 

(f,g) + ~(S*f,S*g) + (f,g), f,gedom(S*), (5.7) 

one obtains a Hilbert space denoted by The first v. Neumann formula leads 
to the following orthogonal decomposition 

=dom(5)©0^©«n_i. 
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Lemma 5.2 Let S be as in Lemma \ 5.1l let II = {7i,ro,ri} be a (ordinary) 
boundary triplet for S* , and M(-) the corresponding Weyl function. IfM(i) = i, 
then the operator T : f) + — > TitB'H, V := (To,ri) T is a contraction. Moreover, 
r isometrically maps 91 :— 91^ © 91_i onto TL. 

Proof. We show that 

l|r(/ + /i + /-Ollwffiw = ll/< + /-<ll+ ( 5 - 8 ) 

where / + + G dom (S) + 91; + 91^ = dom (5*). Indeed, since 
dom (S) = kcr (r ) n ker (Ti), we find 

||r(/ + fi + f-i)t HmH = \\T {fi + f-i)\\ 2 n + + f-i)\\ 2 n . 

Clearly, 

\\r 3 (f t +f- t )\\ 2 H = ||r i /,|| 2 +2Re((r,-/ i ,r J -/_ i ))+ ||r^|| 2 , j e {0,1}. (5.9) 

Using Tifi = M(i)T fi = iT fi and Tif^ = M(-i)r /_; = -iT f-i we obtain 

\\Txifi + /_<)|& = (Tof^Tofi) - 2Rc((r / i ,r /- i )) + (T /-i, r /_i) (5.10) 

Taking a sum of (|5.9p and (|5 . 1 0[) we get 

||r (/i + f-i)\\ 2 H + \\Txifi + f-i)\\ 2 H = 2\\T a M\ 2 n + 2||ro/-i||^. (5.11) 

Combining equalities Tif±i = ±iTof±i with Green's identity (|2.7[) we obtain 
||r /i|h = ll/J and ||r /-i||w = H/-J. Therefore (EH]) takes the form 

||r (/ i + f-i)\\ 2 n + \\Tiifi + f-i)\\ 2 n = 2II.AH 2 + 2||/_ i || 2 . (5.12) 

A straightforward computation shows ||/,; + + = 2||/i|| 2 + 2||/_i|| 2 which 
together with (O proves flO). Since \\f % + f^\\\ < \\f\\ 2 + + + f^\\ 2 + = 
||/ + fi + f-ilW, we get from (|5.8[) that T is a contraction. 

Obviously, T is an isometry from 91 into 7i07i. Since II is a boundary triplet 
for 5* , ran (T)=Hffi W. Hence V is an isometry from 01 onto TL@TL. □ 

Passing to direct sum (|5.ip . we equip dom (vl* ) and dom (A*) with the graph's 
norms and obtain the Hilbert spaces 9)+ n and respectively. Clearly, the 
corresponding inner products {f,g)+ n and (/,<?)+ arc defined by (|5.7p with S* 
replaced by S n and A, respectively. Obviously, $j + = 0^L X F)+ n - 

Theorem 5.3 Let {S n }^-i be a sequence of densely defined closed symmetric 
operators, dom(5„) C Sj n , n + (S n ) = n-(S n ), and let Son = •S'on ^ Exts n . 
Further, let A and Aq be given by (|5.ip and 

oo 

A :=@S 0n , (5.13) 
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respectively. Then there exist boundary triplets IL n := {7i n , To n , I\„} for S* 
such that So n = S* f ker (To n ), n G N, and i/ie direct sum H = ®^ =1 H n defined 
by (|5.2[) forms an ordinary boundary triplet for A* satisfying Aq = A* \ ker (ro). 
Moreover, the corresponding Weyl function M(-) and i/ie "/-field "/(■) are given 
by 

OO OO 

M{z) = ($M n {z) and 7 (» = @ 7n ( 2 ) (5.14) 

n— 1 n—1 

where M n (-) and 7n (-) are i/ie Weyl functions and the "/-field corresponding to 
Tl n , n€N. In addition, the condition M(i) = il holds. 

Proof. For every So« = Sq u G Ext S n there exists a boundary triplet n„ = 
{H ni r 0n , Ti„} for S* such that S 0n ■= A* \ ker (r „) (see [12]). By LemmaO 
we can assume without loss of generality that the corresponding Weyl function 
M„(-) satisfies M n (i) = i. By Lemma [5.21 the mapping T n := (T Qn ,T ln ) T : 
f) +n — > H n H n , is contractive for each n G N. Hence ||rj|| = sup„ ||r jn || < 
1, j G {0, 1}, where To and Ti are defined by (|5.2p . It follows that the mappings 
r and Ti are well-defined on dom(T) = dom(A*) = 0^ =1 dom (S*). Thus, 
the Green's identity (|5.4j) holds for all /, g G dom(y4*). 

Further, we set 0T±j„ := ker (5* =F i), %i ■= + 9t-m, 9t±i := ker (A* =p «) 
and *H := 9^, + 91-;. By Lemma [5.21 the restriction T™ \ is an isometry 
from 9t„, regarded as a subspace of f)+ n , onto H„ ffi H„. Since 01 regarded as a 
subspace of Sj + admits the representation 9T = 0^Lj 9t n , the restriction T \ Ot, 
T := ©^° =1 T", isometrically maps m onto H@H. Hence ran (r)=H® 7Y. 
Equalities (|5 . 14[) are immediate from Definition 12.101 □ 

Remark 5.4 Kochubei [5T] proved that n = ®^ =1 Ii n forms a boundary triplet 
whenever any pair {SVi, Son}, Sq 71 := S* \ ker(ro„), n G N, is unitarily equiva- 
lent to {Sij^oi}- 

Recall, that for any non-negative symmetric operator A the set of its non- 
negative self-adjoint extensions Ext a(0,oo) is non-empty (see [TJ[5D]). The set 
Ext^(0, oo) contains the Friedrichs (the biggest) extension A F and the Krein 
(the smallest) extension A . These extensions are uniquely determined by the 
following extremal property in the class Ext ^(0, oo) : 

(A F + x)- 1 < (A + x)- 1 < (A K + x)- 1 , x>0, Ae Ext A (0,oo). 



Corollary 5.5 Assume conditions of Theorem 15.31 Let S n > 0, n G N, and 

let S F and be the Friedrichs and the Krein extensions of S n , respectively. 
Then 

A F = ®™ =l S F and A K = ®™ =l S*. (5.15) 
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Proof. Let us prove the second of relations (|5. 15[) . The first one is proved 
similarly. By Theorem 15 . 31 there exists a boundary triplet H n = {7i ni T 0n , Ti n } 
for S* such that S% = S 0n and II = ©^IL^ is a boundary triplet for A*. 

Fix any x 2 G R+ and put C 2 := ||M(— Then any h = (B™ = ih n £ Ti can 
be decomposed by h = hW © with M 1 ) £ ® p n=l H n and £ ®^ =p+l H n 

such that \\h^\\ < C% 1/2 . Hence \{M{-x 2 )h { - 2 \ h^)\ < 1. Due to the 
monotonicity of M(-) we get 

fM(-s)AW,/i (J) j > ^M(-x 2 )/i (2 ),^ 2) ^ >-l, x£ (0,x 2 ). 

Since 5 >i = S„ , the Weyl function M„(-) satisfies 

lim ( M n (-x)g n , g n J = +00, <?„ e H„ \ {0}, (5.16) 

cf. [H Proposition 4]. Since M(-) = ®£L x M n (-) is block-diagonal, cf. (|5TT3]1 . 
we get from (|5.16l) that for any N > there exists xi > such that 

M(-x)h^,h^A = (M n (-x)h n ,h„) > N for x e (0,xi). (5.17) 

' n=l ^ ' 

Combining (|5 . with (|5.17[) and using the diagonal form of M(-), we get 

(M(-x)h,h) = (M(-x)h {1 \h {1) ) + (M(-x)/i (2) ,/i (2) ) > AT - 1 

for < x < min(xi,X2). Thus, lim a: ^o(-^( — h) = +00 for h £ 7i\ {0}. 
Applying [12j Proposition 4] we prove the second relation of (|5. 15[) . □ 

Remark 5.6 Another proof can be obtained by using characterization of A F 
and A K by means of the respective quadratic forms. 



5.2 Summands with arbitrary equal deficiency indices 

Here we apply Theorem l4.3l to direct sums of symmetric operators (|5.1[) . allowing 
summands S n to have arbitrary (finite or infinite) equal deficiency indices. We 
start with a simple general proposition. 

Proposition 5.7 Let {S n }^ =1 be a sequence of densely defined closed symmet- 
ric operators, dom(S' n ) C f) n , n + (S n ) = n-(S n ), and let So n = Sq u £ Exts„. 
Further, let A and Aq be given by (|5.1[) and (|5 . 13[) . respectively. If A is a 
self-adjoint extension of A such that condition (|4.1[) is satisfied, then 



<j ac (A Q ) = {Ja ac (S Qn ) C a{A) and a ac {A) C |J a(S 0n ) = <j(A ). (5.18) 
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Proof. By the Weyl theorem, condition (|4.1[) yields o- ess (A) = Cess(A))- Hence 

{JcTac(Son) = CTac(Ao) C cr css (A ) = <7 ess (A) C <x(-A) 

and 

CT ac (A) C cr css (A) = <T CSS (A Q ) C <tCA ) = [J<r(Son)- 

□ 

Our further considerations are substantially based on Theorem 15.31 

Theorem 5.8 Let {S n }'^L 1 be a sequence of densely defined closed symmetric 
operators, dom(5„) C f) n , n + (S n ) = ri-(S n ), and let So n = Sg n £ Exts^. 
Further, let Tl n = {H n , Ton, ^in} be an ordinary boundary triplet for S* such 
that S'on = S* \ ker (T 0n ), n £ N, and let M n (-) be the corresponding Weyl func- 
tion. Moreover, let m+(t), n £ N, be the invariant maximal normal function 
obtained from (|4.17p by replacing M(-) by M n {-). If sup neN m+(i) < +00 for 
a.e. t £ R, then for any self-adjoint extension A of A defined by (|5.1[) . which 
satisfies the condition (|4.ip . i/ie absolutely continuous parts A ac and Aq c are 
unitarily equivalent. In particular, instead of (|5.18[) we have o~ ac {Ao) = o~ ac (A). 

Proof. Let II„ = {H n , T 0n , r ln } be a boundary triplet for S*„, n £ N, defined 
according to (JEBJ, that is f „ := R n T 0n and f ln := i?" 1 (T ln - Re(M„(i))r „) , 
where R n := \/Im M n (i)). The corresponding Weyl function M„(-) is 

M„(j?) = JJ-^Mn^) - Rc M n (i))R~\ n£N. 

Since M„(i) = i, n £ N, by Theorem El fi = ©£° =l n n =: {W,f ,fi} is a 
boundary triplet for A* = ®^ =1 S n * satisfying A* \ kerT = A := ®^ =1 Son- 
By definition of m+(-) and due to Remark 14.61 one has tn+(t) = m+(t) := 
su Pye(o.i] \\M n (t + iy)\\ for t £ K, n £ N. Since A = ®n =1 S 0n we get that 
fh + (t) = sup n m+(i), where := sup ye ^ 01 ^\\M(t + iy)\\, t £ M. Since, 

by assumption, the maximal normal function fh + (t) is finite, we obtain from 
Theorem 14.31 that A ac and Aq c are unitarily equivalent. □ 

Corollary 5.9 Let the assumptions of Theorem \5.8\ be satisfied and let 

Af:={t£R: supm+(i) < 00}. (5.19) 

If condition (|4. 1[) holds, then the parts A ac E^(Af) and Aq c Ea (N) of the oper- 
ators A and Aq, respectively, are unitarily equivalent. 

Let T and T' be densely defined closed symmetric operators in f) and let To and 
Tq be self-adjoint extensions of T and T' , respectively. It is said that the pairs 
{T, To} and {T',Tq} are unitarily equivalent if there exists a unitary operator 
U in Sj such that T = UTIJ- 1 and U = UTolJ- 1 . 
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Corollary 5.10 Assume the conditions of Theorem \5.8[ Let also the pairs 
{S n , Son}, n £ N, be unitarily equivalent to the pair {Si, Sqi}- If the maximal 
normal function m^(t) is finite for a.e. ( G 1 and condition (|4.1[) is satisfied, 
then the absolutely continuous parts A ac and Aq c are unitarily equivalent. 

Proof. Since the symmetric operators S n are unitarily equivalent, we assume 
without loss of generality that TC n = H for each n G N. Let U n be a unitary 
operator such that A\ = U n S n U~ and v4oi = UnSonU^ 1 . A straightforward 
computation shows that H' n := {7i, T' Qn , r' ln }, T' 0n := ToiU n and T' ln := T\ n U n , 
defines a boundary triplet for 5*. The Weyl function M' n (-) corresponding to 11^ 
is M' n {z) = Mx(z). Hence m+(-) = m'+(-) and mf (t) = m'+(t) for t G E, where 
m+ (t) and m'^ (t) are the invariant maximal normal functions corresponding to 
the triplets n„ and IT^ , respectively. By Remark I4.6f il , (t) = m+ (t) for 
tgR and n G N. Applying Theorem 15.81 we complete the proof. □ 

5.3 Finite deficiency summands: ac-minimal extensions 

Here we improve the previous results assuming that n±(S n ) < oo. First, we 
show that extensions A = ®%LiSo n (£ Ext ,4) of the form (|5. 13[) posses a certain 
spectral minimality property. To this end we start with the following lemma. 

Lemma 5.11 Let H be a bounded non-negative self-adjoint operator in a sep- 
arable Hilbert space and let L be a bounded operator in f). Then 

(i) dim(ran (H)) = dim(ran 

(ii) If L*L< H, then dim(ran (L)) < dim(ran (H)). 

(iii) If P is an orthogonal projection, then dim(ran (PHP)) < dim(ran (H)). 

Proof. The assertion (i) is obvious. 

(ii) If L*L < H, then there is a contraction C such that L = C\f~H. Hence 
dim(ran(L)) = dim(ran (C\f~H)) < dim(ran (\H)) = dim(ran (H)). 

(iii) Clearly dim(ran (PHP)) < dim(ran (HP)) < dim (ran (H)). □ 

Theorem 5.12 Let {S n }^ =1 be a sequence of densely defined closed symmetric 
operators, dom(SVi) C f) n , with n+(S n ) = ri-(S n ) < 00, n G N and let Son = 
iSq„ G Ext s„ ■ Let a ls° A and A$ be given by (|5.ip and (|5.13|) . respectively. 
Then Aq is ac-minimal, in particular, er ac (^4o) Q o~ ac (A). 

Proof. By Theorem 15.31 there is a sequence of boundary triplets Tl n := 
{Ti. n , Ton, Tin}, n G N, for £>* such that So n = S n \ ker (ro„), n G N, and the di- 
rect sum n = {H, T , T{\ = ©^Li n„ of the form (|5.1|) is a boundary triplet for 
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A* satisfying A Q = A* \ ker (r ). By Proposition I2.9| any A = A* G Ext A ad- 
mits a representation A = Aq with 9 = O* G C(7i). By Corollarv l4.2f i). we can 
assume that A and Aq, are disjoint, that is 6 = B = B* G C(H). Consider the 
generalized Weyl function M B {-) ■= (B - M(-)) -1 , where M (•) = 0^° =1 M„(-), 
cf. (Oil . Clearly 

Im(Af B (z)) = A/ B (z)*Im(M(z))A/ B (z), z G C+. 

Denote by P/v, -/V G N, the orthogonal projection from Tt onto the subspace 
Hjv :=0^Li^ n . Setting M^™ (z) := PnM b (z) \Hn, and taking into account 
the block-diagonal form of M(-) and the inequality Im (M(z)) > we obtain 

Im (Mg N (z)) = Im (P N M B (z)P N ) (5.20) 
= P N M B (z)*lm(M(z))M B (z)P N > M Pn (z)*Im (M p " (z))M% N (z), 

where M p «(z) := P N M(z) \ H N = ®* =1 M n (z). Since P N is a finite 
dimensional projection the limits M^ N (t) := s-lim^+o Mg N (t + iy) and 
M PN (t) := s-lim y _> +0 M Pn (t + iy) exist for a.e. t € R. From ([00]) we get 

Im (M Pn (*)) > M Pjv (i)*Im (M Pn (t))M PN (t) for a.e. t G R. (5.21) 

Since M B (-) is a generalized Weyl function, it is a strict i?^-function, that 
is, ker (Im(M B (z))) = {0}, z G C+. Therefore, M^ N {■) is also strict. Hence 
G q{M Pn {z)), z G C+, and G N {-) := -(M^ N is strict. Since both 

Gjy(-) and M Pjv (•) are matrix-valued i?-functions, the limits M Pn (t + iO) := 
lim^+o Mft N (t + iy) and Gat(£ -MO) := lim I/ _» + o Gfqit + iy) exist for a.e. isl. 
Therefore, passing to the limit in the identity M B N (t + iy)Gr<i(t + iy) = —I as 
y -> 0, we get M^ N (t + iO)G N (t + iO) = -I for a.e. t G E. Hence M Pn (t) := 
M B N (* + «°) is invcrtiblc for a.e. i G E. 

Further, combining (|5.2ip with Lemma l5.11f ii) we get 

dim ^ran ^Im il/ p « (i)M Pjv (i)^ < d^ (t) for a.e. i G R. 

Since M^ N (t) is invertible for a.e. f G R, we find 



d M p N (t) := dim (ran ^Im 7\/ p « (t)^ j < rf^p^ (t) for a.e. i G E. (5.22) 

Let Dat = P N ®D where L» G 6 2 (H^) and satisfy ker (D ) = ker (£)g) = {0}. 
Then ker (D w ) = ker(D^) = {0} and Pjy = P/vL> w = D N P N . By Lemma 
ICTT iii). d M p N {t) < d..D N (t) for a.e. t G R. Further, for any D G 62(H) 

B 

and satisfying ker (D) = ker(D*) = {0}, d M n(t) = d M D N (t) for a.e. t G E. 
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Combining this equality with (|5.22|) we get d M p N (t) < d M n (t) for a.e. (eM 
and N e N. Since 

N oo 
n— 1 n— 1 

for a.e. t e R, we finally prove that d^D (0 < <^Afg (*) f° r a - e - t £ M.. One 
completes the proof by applying Theorem 13. 4f i). □ 

Corollary 5.13 Let the assumptions of Theorem \5.1%\ be satisfied and let 
S n > 0, n 6 N. Further, let A and A be given by (|5.ip and (|5 . 1 3[) . respectively. 
Then the Friedrichs and the Krein extensions A F and A K of A are ac-minimal. 
In particular, (A F ) ac and (A K ) ac are unitarily equivalent. 

Proof. Combining Theorem 15. 121 and Corollary 15.51 yields the assertion. □ 

Corollary 5.14 Let the assumptions of Theorem \5.12\ be satisfied and let 

V := {t e K : ^2d Mn (t) = oo}. (5.24) 

//, in addition, condition (|4.1[) holds, then the parts A ac E^(T>) and Aq c E Ao (T>) 
of the operators A and Aq , respectively, are unitarily equivalent. 

Proof. By (pT2"3")) and fiTZty , d M n(t) = +oo for a.e. t E V. Applying Theorem 
15.121 and Theorem I2.4f ii) we complete the proof. □ 

Corollary 5.15 Let the assumptions of Theorem \ 5.12\ be satisfied and let J\f 
and T> be given by (|5.19p and (|5.24p . respectively. If condition (|4.ip is valid, 
then the parts A ac E j{V U M) and Aq c E ' Ao (T> U M) are unitarily equivalent. 

Proof. By Corollary \EM the parts A ac E x (N) and A% c E Ao (N) arc unitarily 
equivalent. Corollary 1 5 . 141 yields the unitary equivalence of the parts A ac E^(T>) 
and A% c E Ao {V). Hence the parts A ac EjiJ) U M) and A% c E Ao (V U Af) are 
unitarily equivalent too. □ 

Corollary 5.16 Assume conditions of Theorem \5.12\ Then \J neK o' ac (Son) C 
a ac (A). If, in addition, condition (|4. 1[) is valid and the extensions So n , n € N, 
are purely absolutely continuous, then 

o-ac{A) = |J a ac (S 0n ). (5.25) 
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Proof. The first statement immediately follows from Theorem 15.121 Relation 
(|5.25p is implied by Proposition [5771 □ 



Corollary 5.17 Assume the conditions of Theorem 1 5. 1°A Let also the pairs 
{S n , So n }, n G N, be pairwise unitarily equivalent. If condition (|4.1[) holds , 
then for any A G Ext a the ac-parts A ac and Aq c are unitarily equivalent. 

Remark 5.18 (i) For the special case n±(S n ) = 1, n £ N, Theorem [CT^] com- 
plements [U Corollary 5.4] where the inclusion a ac (Ao) C a ac (A) was proved. 
Moreover, Corollary 15. 171 might be regarded as a substantial generalization of 
[2 Theorem 5.6(i)] to the case n±(S n ) > 1. However, in the case n±(S n ) = 1, 
Corollarv l5.17l is implied by [3J Theorem 5.6(i)] where the unitary equivalence of 
A ac = A°£ and Aq c was proved under the weaker assumption that B is purely 
singular. Indeed, by Proposition ^. 12l condition (|4.1[) with A — As is equivalent 
to discreteness of B. 

(ii) The inequality Ne<^ (t) < NEv(t) in Theorem 15.121 might be strict even 
for t G o- ac (A ). Indeed, assume that (a,f3) is a gap for all except for the 
operators Si, ... , S N . Set Si := ©^ =1 S„ and S 2 := ®^ =N+1 S n . Then n±(S 2 ) = 
oo and (a,/3) is a gap for S 2 . By [8] there exists S 2 = S 2 G Exts 2 having ac- 
spectrum within (a, /?) of arbitrary multiplicity. Moreover, even for operators 
A = ®^ =1 S n satisfying assumptions of Corollary 15.171 with n±(S n ) = 1 the 
inclusion er a c(^4o) Q c ac (A) might be strict whenever condition l|4.1[) is violated, 
cf. [5] or [2 Theorem 4.4] which guarantees the appearance of prescribed 
spectrum either within one gap or within several gaps of Aq. 

6 Sturm-Liouville operators with operator 
potentials 

6.1 Bounded operator potentials 

Let Ti. be a separable Hubert space. As usual, L 2 (M. + 1 H) := L 2 (R+)<g>7i stands 
for the Hilbert space of (weakly) measurable vector- functions /(•) : M + — ► Ti 
satisfying J \\f(t)\\n dt < 00 • Denote also by W 2 ' 2 (R + ,H) := W 2 ' 2 (R + ) ® Ti 
the Sobolev space of vector-functions taking values in Ti. 

Let T = T* > be a bounded operator in Ti. Denote by A := A m ; n the 
minimal operator generated on $j := L 2 (M. + ,Ti) by a differential expression 

-4 = --£s ® In + Il 2 (r + ) ® It is known (see [HI [28]) that A is given by 

(Af)(x) = -f"(x)+Tf(x), f Gdom(A) = ^ 2 ' 2 (R + ,W), (6.1) 
where W 2 - 2 (R+,H) := {/ G VF 2 < 2 (M+,W) : /(0) = /'(0) = 0}. 
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The operator A is closed, symmetric and non-negative. It can be proved 
similarly to [9l Example 5.3] that A is simple. The adjoint operator A* is given 
by P3 Theorem 3.4.1] 

(A*f)(x)=-f"(x)+Tf(x), f edom(A*) = W 2 > 2 (R+,H). (6.2) 

By [25j Theorem 1.3.1] the trace operators Tq, T± : dom(A*) — > Ji, 

r / = /(0) and r 1 / = /'(0), /edom(A*), (6.3) 

arc well defined Moreover, the deficiency subspace 7t z (A) is 

m z (A)={e lx ^ =T h: heH}, zeC±. (6.4) 



Lemma 6.1 A triplet H = {TC, Tq, T^}, with T and Ti defined by (|6.3p . forms 
a boundary triplet for A* . The corresponding Weyl function M(-) is 

M(z) = Wz-T = i J sft + iy-\ dE T (\), z = t + iy&C + . (6.5) 

Proof. One obtains the Green formula integrating by parts. The surjectivity 
of the mapping T := (r ,ri) T : dom(A*) -> H © H is immediate from (JO) 
and [23 Theorem 1.3.2]. Formula (J6J)|) is implied by jO])- □ 

Lemma 6.2 Let T be a bounded non-negative self-adjoint operator in Ti. and 
let A and II = {7i,ro,ri} be defined by (|6.ip and (|6.3p , respectively. Then 

(i) the invariant maximal normal function m + (i) of the Weyl function M(-) is 
finite for all t el and satisfies 

m + (t) < 2(1 + 1 2 ) 1/4 , teR. (6.6) 

(ii) The limit M(t + iO) := s-lim 2/ _ > -|_o Af(i + iy) exists, is bounded and equals 



M(t + iO) = i / sjt - XdE T (X) for any t e R. (6.7) 
(iii) d M (t) = dim(ran (E T ([0, t)))) for any t e R. 

Proof, (i) It is immediate from (|6.5| and definition (|4. 17|) of m + (-) that 
m+ (t) < sup sup 



ye(o,i] >>o 



^/t + iy-X - Re (Vi - A) 



Im {y/i=X) 
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Clearly, y/i~~X = (1 + A 2 ) 1 / 4 e i ( 7r -* 5 )/ 2 where <p := arccos (7=^) • Hence 



Furthermore, we have 



tan(-) = 1 < 1, A > 0. 



+ iy - A 



< ^ / V(a -t^+g < 23/ /4 



for A > 0, t e K and y G (0, 1] which yields (J6J) 



(ii) From ((53]) we find M(t) := M(t + iO) := sdim. y ^ +0 iy/t + iy — T = 
is/i - T, for any t G E, which proves l[6?f|) . Clearly, M(i) G [H] since T G [W]. 



(iii) It follows that Im(M(t)) = \/i - T£r([0, i)), which yields d M (*) = 
dim(ran(Im(M(i)))) = dim(ran (E T ([0, t)))). □ 

With the operator A = A m [ n it is naturally associated a (closable) quadratic 
form t' F [f] := (Af, /), dom (t') = dom (A). Its closure tp is given by 

tF[f}:= [ {\\f'(x)\\ 2 n + \\VTf(x)\\ 2 n \dx, (6.8) 

f G dom(t F ) = M^ 1 - 2 (R+,H), where W^ 2 (R + ,H) := {M^ 1 ' 2 (M+,W) : /(0) = 
0}. By definition, the Friedrichs extension A F of A is a self-adjoint operator 
associated with t F . Clearly, A F = A* \ (dom (A*) n dom (t F )). 

Theorem 6.3 Let T > 0, T = T* G [H], and t := inf <r(T). Let A be defined 
by (|6.ip and IT = {7i, Fo,Fi} the boundary triplet for A* defined by (|6.3j) . ITien 

(i) £/ie Friedrichs extension A F coincides with Aq that is 

dom(vl F ) = dom(A*)ndom(t F ) = {/ G W 2 - 2 (R+, H) : /(0) = 0} = dom(A ), 

and A F corresponds to the Dirichlet problem. Moreover, A F is absolutely 
continuous, A F = (A F ) ac , and o~(A F ) = o~ ac (A F ) — [to, 00). 

(ii) the Krein extension A K is given by 

dom(A A ') = {/ G W 2 - 2 {R+,H) : f'(0) + Vff(0) = 0}. (6.9) 

Moreover, kei(A K ) = fi := Wq, tt := {e~ xVT h : h G ran(T 1 / 4 )} and the 
restriction A K \ dom (A K )nSjQ is absolutely continuous, that is = Sj ac (A K ) 
and A K = 0i5 8 (A K ) ac . 

(iii) The extension A\ := A* \ ker(Fi), coincides with A N , dom(A N ) := 
{/ G W 2 ' 2 (R+, Ti.) : /'(0) = 0}, i.e. A\ corresponds to the Neumann boundary 
condition. Moreover, A N is absolutely continuous (A N ) ac = A N and a{A N ) = 
a ac {A N ) = [t , 00). 
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(iv) The operators A F , (A K ) ac and A N are unitarily equivalent. 

Proof, (i) Let II = {Tt, To, Ti} be the boundary triplet defined in Lemma RTT1 
We show that A F = A := A* \ ker (r ). It follows from $£2b and that 
dom(Ao) = {/ £ W 2 ' 2 (R+,H) : /(0) = 0}. Since dom(A ) C W Q h2 (R+,H) = 
dom(t F ), we have A = A F (see Q] Section 8] and [IB Theorem 6.2.11]). 

It follows from (j6T?) and Theorem 4.3] that a p (A ) = o- sc (A ) = 0- Hence 
Aq is absolutely continuous. Taking into account Lemma [6.2f iii) and Proposition 
GT2]wc get o-(Aq) = a ac (A ) = cl QC (supp {d M )) = [to, oo) which proves (i). 

(ii) By PJ Proposition 5] A K is defined by A K = A* \ ker (r x - M(0)T ). It 
follows from ((631) that M(0) = -y/T. Therefore, A K is defined by ([679]) . 

It follows from the extremal property of the Krcin extension that ker (A K ) = 
ker {A*). Clearly, f h {x) := exp{-xVT)h G L 2 (R+,H), h G ran(T 1 / 4 ), since 

roc /■||'7'|| ^oo /*||T|| 

/ || exp(-xVT)h\\^dx = / dp h (t) e'^dx = I —dp h (t) < oo, 
Jo Jo Jo Jo 2\/i 

where p/i(i) := {Ex{t)h, h) . Thus, ,f) C ker (A*). It is easily seen that i} is 
dense in fjo- To investigate the rest of the spectrum of A K consider the Weyl 
function Mk(-) corresponding to A K . It follows from (|6.5p and Proposition l2.17l 
that 

M K {z) = M^{z) = -{Vf+AHz))- 1 

= -{VT+ix/I^T)- 1 = -(iVz~T - VT) = -^L + ^( z ). 

z z 

where $(z) := ±[iy/z~T + a/T]. It follows that for t > 

ImMx(t + iO) = Im$(t + i0) = t~ 1 \/t~TE T ([0, t)). (6.10) 

Hence, by Theorem4.3], a p (A K ) n (0,oo) = cr sc (A K ) n (0,oo) = 0. It follows 
from (j6TT0|) that Im (Mjf(« + i0)) > for i > i . By Proposition l3~2l cr oc ( A g ) = 
[io,oo). Further, it follows from ()6.7p and (]6. 1 0[) that for any i > to 

djvf(i) = rank (Im(M (t))) 

= rank(£ T ([0,t))) = rank {lm{M K (t))) = d Ml< {t) 

Combining this equality with a ac {A K ) = a ac {A F ) — [to,oo), we conclude that 
A F and (vl ) ac are unitarily equivalent. 

(iii) By Proposition 12.171 the Weyl function corresponding to A\ = A* \ 
ker (ri - 0r ) is 

M Q {z) := (0 - M(z))- 1 = i(z - T)- 1 ' 2 = i [ 1 dE T (\), z e C+. 

J \Jz - A 
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Since M (-) is regular within (—00, to), we have (— 00, t ) c q{A{). Further, let 
t > to- We set Ht := Er([to, and note that for any h £ Ti T and t > t 

(M (t + iO)h, h) = i((t - T)-^ 2 h, h)=i f 1 d(E T (X)h, h). (6.11) 
Hence for any h £ 7i T \ {0} and t > t 

0<(t-t )- 1/2 \\h\\ 2 <lm(M (t + iO)h,h)= f (t - X)- 1/2 d(E T (X)h, h) < 00. 



to 



By [9l Proposition 4.2], <r ac (Ai) D [t, 00) for any r > t , which yields a ac (A\) = 
[to, 00). It remains to show that A\ is purely absolutely continuous. Since 
M (t + iO) [H] wc cannot apply [HI Theorem 4.3] directly. Fortunately to 
investigate the ac-spectrum of A\ we can use [H Corollary 4.7]. For any (6l, 
y > 0, and h £ 7i we set 

V h (t + iy) := Im(M (t + iy)h, h) = J Im ^ ^ t - iy ) d ^ T ^ ^ 
Obviously one has 

V h (t + iy)< j _ * d{E T (\)h, h), t£R, y>0, h£H. 

Hence 

V h {t + iyY <\\h\\ 2 ^ J * + d(Er(\)h,h), P G(l,oo). 

We show that for p £ (1,2) and —00 < a < b < 00 

C p (h;a,b) :— sup / Vh(t + iy) p dt < 00. 

2/G(0,l] J a 

Clearly, 

"Y„(( + iy)'dt< Hhf"-'> f"d(E(X)k,h, jr , __J_ 7 .« 
Note, that for p e (1, 2) and —00 < a < b < 00 

IT i^w^ - L m ^ dt = i|t||) < °°' 

Hence C p (/i; a, 6) < x p (&, a - ||T||)||/i|| 2p < 00 for p £ (1,2), -00 < a < b < 00 
and h £ H. By [9j Corollary 4.7], Ai is purely absolutely continuous on any 
bounded interval (a, 6). Hence Ai is purely absolutely continuous. 
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(iv) It follows from jBHJ and flUEl that d M {t) = d Mli {t) = rank(\A - T) 
for t > to. Combining this equality with a ac (A K ) = a ac (A F ) = [to,oo), we 
conclude that A F and (A K ) ac are unitarily equivalent. 

Passing to A\, we assume that 1 < dim(ran (Et([0, s)))) = pi < oo for some 
s > 0. Let Afc, A; £ {l,...,p}, p < pi, be the set of distinct eigenvalues 
within [0, s). Since Mo(t + iy)Ex([0,t)) is the p x p matrix-function, the limit 
M (t + iO)E T {[0, t)) exists for t £ [0, s) \ [f k=1 {\ k }- It follows from (jlTPTj) that 

Im(A/ (t)) = |T - i|- 1/2 ^T([0, t)), t £ [0, s) \ [J {A,}- 

fe=i 

This yields 

d Mo (t)) := dim(ran(Im(M (*)))) = dim(ran (E T ([0, *)))) = d M {t) 

for a.e t e [0, s) \ UsUii-^}' that is, for a.e. t £ [0, s). 

If dbn(Ej'{[to, s))) = oo, then there exists a point Sq £ (0, s), such that 
dim(£' T ([0, s ])) = 00 an d dim(E T ([0 7 s))) < oo for s £ [0, s )- For an Y * G 
(s ,s) choose t G (s ,i) and note that dim(ran (Et([0, t)))) = oo. We set 
W T := £ t ([0,t))W and Hoc := E t ([t,oo))H as well as T T := TE t ([0,t)) and 
Too := TEt([t, oo)). Further, we choose Hilbert-Schmidt operators D r and 
£>oo in 7i T and 7ioo, respectively, such that ker(D T ) = ker(Z?*) = ker(Doo) = 
ker(DJ c ) = {0}. According to the decomposition H = H T © Hoc we have 
M = M T © Moo, -D = -D r © £>oo and d M n(t) = d M o T (t) + d M o x , (t) for a.e. 
t £ [0, oo). Hence d M n(t) > d M n T (t) for a.e. t £ [0, oo). Clearly, M T (t + iy) = 

i(t + iy - T T y 1/2 . If t > t, then t £ g(T T ) and M(t) := s-lim^+o M(t + iO) 
exists and 

M T (t) := s-lim M T (t + iy) = i(t - T T )- 1/2 E T ([0, t)). 

Hence d M D r (t) = dim(ran (Et{[0, t)))) = oo for t > sq. Hence d M n(t) = 
dAi(t) = oo for a.e. t > sq which yields d M o(t) = dm(t) for a.e. t £ [0, oo). 
Using Theorem l3.4f ii) we obtain that Aq c and Af c are unitarily equivalent which 
shows Aq and Ai are unitarily equivalent. □ 

Next we describe the spectral properties of any self-adjoint extension of A. In 
particular, we show that the Friedrichs extension A F of A is oc-minimal, though 
A does not satisfy conditions of Theorem 15.121 

Theorem 6.4 Let T > 0, T = T* £ [H], and tt := inf <r css (T). Let also A be 
the symmetric operator defined by (|6.ip and A = A* £ Ext a ■ Then 

(i) the absolutely continuous part A ac E^([ti, oo)) of AE^{\t\, oo)) is unitarily 
equivalent to A f E a f ([*i, oo)) = (A F ) ac E AF ([t 1 , oo)); 

(ii) the Friedrichs extension A F is ac-minimal and o~ ac (A F ) C a ac (A); 
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(iii) the absolutely continuous part A ac of A is unitarily equivalent to A F when- 
ever either (A- i)- 1 -(A F -i)- 1 € 6oo(£) or (A — — (A K — 6 6oo(J3)- 

Proof. By Corollary 14.21 it suffices to assume that the extension A = A* 
is disjoint with Aq, that is, by Proposition I2.9f ii) it admits a representation 
A = A B with B e C(H). 

(i) Let II = {H, To,ri} be a boundary triplet for A* defined by (|6.3p . In 
accordance with Theorem l3.4l we calculate d M K (t) where M B (-) := (B — M(-)) -1 
is the generalized Weyl function of the extension A B . Clearly, 

Im(M B (z)) = M B (zf lm(M(z))M B (z), z e C+. (6.12) 

Since Re(\/i — A) > for z = i + iy, y > 0, it follows from (|6.5jl that 

Im(M(z)) = / Rc(Vz - A) dEr(X) > [ Rc(Vz - A) dEx(X), (6.13) 

■'[O.oo) •'[O.t) 

where 2 = £ + iy. It is easily seen that 

Rc(Vz - A) > Vt - A > Vt - t, Ae[0,r), t > r. (6.14) 
Combining (f6TT2]) with ([6TT3]l and ([BTM]) we get 

Im(M B (i + ij/)) > Vt^M B {t + iy)* E T {[0,T))M B (t + iy), t > r > 0. 
Let Q be a finite-dimensional orthogonal projection, Q < Et([0, t)). Hence 

lm(M B (t + iy)) >Vt - t M B (t + iy)*QM B {t + iy), t > r > 0, y > 0. 

Setting Hi = ran(Q), H2 '■= ran(Q- L ), and choosing A' 2 G &2CH2) and 
satisfying ker(i^2) = ke^i-Of) = {0}i we define a Hilbert-Schmidt operator 
K := Q ® K 2 e © 2 (W). Clearly, ker (K) = ker (A'*) = {0} and, 

lm(K*M B {t + iy)K) > (6.15) 
y/t-rK*M B (t + iy)*QM B {t + iy)K, t > r > 0. 

Since M B (-) e and Q, K £ 62(H), the limits 

K* M B (t)*Q := s- lim K*M B (t + iy)*Q and 

(QM B K)(t) := s- lim QM B (t + iy)K 

exist for a.e. i G R (see [5]). Therefore passing to the limit as y — > in (|6.15D . 
we arrive at the inequality 

^m(M^(t))>^/t^?(K*M B (tfQ)(QM B K(t)), t > r > 0, y > 0. 

It follows that 

dim(ran ((QM B K)(t))) < dim(ran (imMf (t))) = d M K (t), t > r. (6.16) 
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We set M$(z) := QM B (z)Q f Hi- Since dim(Hi) < oo the limit M% (t) := 
s-lim y ^ +0 Ms(t + iy) exists for a.e. t G M. Since (QM B K)(t) \ Hi = 
ran ((M^ , (|5T^|) yields the inequality 

dim(ran (m| (t))) < dim(ran {{QM B K){t))) < d M x(t) (6.17) 
for a.e. t G [r, oo). 

Since dim (Hi) < oo and ker (Mg(z)) = {0}, z G C, we easily get by repeating 
the corresponding reasoning s of the proof of Theorem |5T2"1 that ran (M$(t)j = 
Hi for a.e. i G R. Therefore ([6T7)) yields dim (Hi) < d M ic(t) for a.e. £ £ [r, oo). 

If r > ii, then dim(i/r ( [0, t))H) = oo and the dimension of a projection 
Q < ■®t([0,t)) can be arbitrary. Thus, d M i<(t) = oo for a.e. t > t. Since 
t > ii is arbitrary we get d M i<(t) = oo for a.e. t > t\. By Theorem 13. 4f ii) the 
operator A ac Ej{\ti, oo)) is unitarily equivalent to A Ea ([ti, oo)). 

(ii) If r G (i , then dim(£' T ([0, r))H) =: p(r) < oo. Hence, dim(QH) < 
p(r) which shows that d M i<(t) > p(r) for a.e. t G (t, ii). Since r is arbitrary, 
we obtain d M K (f) > p(r) for a.e. t G [0, <i). Using Theorem l3.4f i) we prove (ii). 

(iii) By Lemma 16.21 the invariant maximal normal function m + (t) is finite for 
igl. By Theorem 14.31 A ac and (A F ) ac are unitarily equivalent. Similarly we 
prove that A ac and (A K ) ac are unitarily equivalent. To complete the proof it 
remains to apply Theorem 16. 3f iv) . □ 

Corollary 6.5 Let the assumptions of Theorem \G.J\ he satisfied. //dim(H) = oo 
and to ■= irrf cr(T) = inf a ess (T) =: ti, then the Friedrichs extension A F is 
strictly ac-minimal. 

Remark 6.6 Let dim(£r([toj ti))H) = oo. Then there are self-adjoint exten- 
sions A = A* G Ext a of A such that a ac {A) = o{A F ) = a ac {A F ) but A is not 
unitarily equivalent to A F . 



6.2 Unbounded operator potentials 

In this subsection we consider the differential expression (|6.1[) with unbounded 
T = T* > 0, T G C(H), 

C4r/)(s) = + Tf(x). (6.18) 

The minimal operator A := AT.min is defined as the closure of the operator A' T 
generated on Sj := L 2 (R+,H) by expression (|6.18p on the domain 

V 'o := { J2 fa( x ) h i- ^ G iy 2 ' 2 (K+), G dom(T), k G N I , (6.19) 
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that is A' T f = Arf, dom(A' T ) = T>' . Clearly, A is non-negative, since T > 
and Aj;mm '■= A' T coincides with A defined by (|6.1|) provided that T is bounded. 

Let Ht be the Hilbert space which is obtained equipping the set dom (T) 
with the graph norm of T. Following [25] we introduce the Hilbert spaces 
Wt' 2 (R+;H) := W k - 2 (R+;H) H L 2 (R+,H T ), keN, equipped with the Hilbert 
norms 



l/l 



(\\f (k) (t)f n + \\f(t)f n + \\Tf(t)\\ 2 n )dt 



Obviously, we have W 2 '|(R+,H) := {/ G W^ 2 (R+;H) : /(0) = /' (0) = 0} C 

dom(vlx,mm)- 

Lemma 6.7 Let T = T* be a non-negative operator in TL. Then dom (^min) 
and Wq ' t (R_|_, 7i) coincide algebraically and topologically. 

Proof. Obviously, for any / G T>' Q we have 

Mt/||« = 



{f"{x),Tf(x)) n dx 



\\f"(x)r n dx 

\Tf(x)\\ 2 < dx-2Re 

Integrating by parts we find 

(f"(x),Tf(x))dx = - 
Combining these equalities yields 



Tf'(x) 



dx. 



H 



55 



\\f"(x)\\dx+ / \\Tf(x)\\ 2 dx + 2 



Tf'(x) 



dx 



H 



for any / G T>' . Hence 

\\ff wr <Mt/||| + ||/|| 2 , fe& . 

Furthermore, by the Schwartz inequality, 



Re 



(f(x),Tf(x)) n dx 



< 11/11 



/ 6 2?o- 



which gives 



Mt/IIUII/II 2 < 2||/||^. 2) feV . 
Thus, we arrive at the two-sided estimate 

11/11^,2 < \\A T f\\l + \\f\\% < 2\\f\\ 2 w2 , 2 / G V . 
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Since V is dense in Wq too, we obtain that dom (j4.T,min) coincides with Wq ^ 
algebraically and topologically. □ 

Since A is non-negative it admits the Friedrichs extension A F and the Krcin 
extension A K . We define the extension A N as the self-adjoint operator associ- 
ated with the closed quadratic form tjy, 

:= I™ {\\f\x)\\j i + \\VTf( X )\\ 2 H \dx=\\u\\ 2 wl , 2 -\\u\\l 2(M H) , (6.20) 

JO St 

dom(tjv) := Wji(R+,H). The definition makes sense for T G [H] . In this case 
A N = Ai with Ai defined in Theorem IQui). 

We also put t F := t N \ dom(t F ), dom(t F ) := {/ G W^R^H) : /(0) = 0}. 



Proposition 6.8 Let T = T* G C(H), T > 0, and let A := A T , min be defined 
by ([635 ]) -([635 1) . Let also H n := ran(£ T ([n- l,n))), T n := TE T {[n~ l,n)) 
and let S n be the closed minimal symmetric operator defined by (|6 . 1 [) in $j n :— 
L 2 (R + ,Ti. n ) with T replaced by T n . Then 

(i) the following decompositions hold 

oo oo oo oo 

A = ^^S n , A F = S F , A K = S„ , A N = . (6-21) 

n— 1 n—1 n—1 n—1 

(ii) ITie domain dom(A F ) equipped with the graph norm is a closed subspace of 

dom(A F ) = {/ G ^ 2 ' 2 (R+,W) : /(0) = 0}. 



(iii) The domain <\om(A N ) equipped with the graph norm is a closed subspace 
ofW 2 ' 2 (R+,H), dom(A N ) = {feW 2 ' 2 (R+,H) : f(0) = 0}. 

Proof, (i) We introduce the sets 

v o \ <i>i( x ) h 3 : & e W 2 ' 2 (R+), hj G H n , k,n G N 

and 2? '„ := {/ G X> ' : f(x) G W„} , n G N. Obviously, we have = 
©~=i ^on C V . Setting ^ := \ T% we find = A' T = A T ,min- More- 
over, setting A" n := ^4„ f £> '„, n G N, we have = A n , n G N. Since 
= 0n°=i < C A^, we obtain 

OO OO 

n—1 n—1 
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which proves the first relation of (|6.21[) . The second and the third relations are 
implied by Corollary 15. 51 

To prove the last relation of (16~2T1) we set S N := 0^° =1 S%. Since S% = 
(S%)* G Ext s „ and A = ®^° =1 5„, S N is a self-adjoint extension of A, S N G 
Ext a- Let / = @^ = if n G dom(S ,JV ). Then integrating by parts we obtain 



OO OO ^qo 

(S N f,f)=J2(Snfn,fn) = J2 

1 n=l J 1 



x)\\ z Hn + \\VT n f n (x)\ 



2 



{\\f(x)\\ 2 u + \\VTf(x)f H }dx = t N [f]. 



Since, by definition, A N is associated with the quadratic form t/v, the last 
equality yields S N C A N . Hence S N = A N , since both S N and A N are self- 
adjoint extensions of A. 

(ii) Following the reasoning of Lemma 16.71 we find 

||/n||^ < ||^/n!lL + WfnWL < 2||/n||^. a , n G N, (6.22) 

where /„ G dom(S F ) = {g n G W r2 ' 2 (M + , 7Y„) : # n (0) = 0}. Using representa- 
tion (|6.21|) for A F and setting f m := ©™ = i/n, /« € dom(F„), we obtain from 

\\n\ 2 wr < \\A F .r\\i + \\n\% < nn\* w >.» ™ e n. (6.23) 

Since the set {/™ = ®™ =1 /„ : /„ G dom(S F ), m G N}, is a core for A F , 
inequality (|6.23|) remains valid for / G dom(A F ). This shows that dom(A F ) = 
{/ G W£' 2 (R+, : /(0) = 0}. Moreover, due to (|6~25|l the graph norm of A F 
and the norm || • \\ w 2.2 restricted to dom(A F ) are equivalent. 

(iii) Similarly to (|6.22p one gets 



||/n||^2,2<||^/„||L + ||/„|| 2 <2||/ n ||^ 



2,2 



for /„ G dom(S^) = {g n G W 2 > 2 (R+,H n ) : g' n (0) = 0}, n G N. It remains to 
repeat the reasonings of (ii) □ 

To extend Theorem 16.31 to the case of unbounded operators T = T* > we 
first construct a boundary triplet for A* , using Theorem l5.3l and representation 

mrgU) for A. 

Lemma 6.9 Assume conditions of Provosition [7Q1 TTien i/iere is a sequence 
of boundary triplets II „ = {H n , Ton, T ln } /or S* swc/i that II := ffi^Lj II „ =: 
{TC, To, Ti} forms an ordinary boundary triplet for A* . Moreover, A F = A* \ 
ker(ro) and the corresponding Weyl function is 

M(z)= tV73T + ^ 4^. ,GC + , (6.24) 
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Proof. For any n € N we define a boundary triplet n„ = {H„, Fo n , Ti n } for S* 
with r „,ri n defined by ijO]) , By Theorem HT^i) S£ = S" „ = S* f ker (r 0n ) 
and by Lemma |6~T1 the corresponding Weyl function is M„(z) = i^/z — T n . 

Following Lemma 1 5. 1[ cf. (|5.6p . we define a sequence of regularized boundary 
triplets fi„ = {H n , f on, Tin} for S* by setting R„ := (Rc( x /T^7;)) 1 /2 j 
Q„ := - lm{yfi - T„) and 

f o„ := R„T 0n , f i„ := ^'(ri,, - Q«r „), n € N. (6.25) 

Hence = So n and the corresponding Weyl function M „(•) is given by 

M„(z) = , zgC+, n G N. (6.26) 

Re(V» - T„) 

By Theorem l5.3l the direct sum IT := 0^L 2 li„ = {W, r , rj forms a bound- 
ary triplet for A* and the corresponding Weyl function is 

M(z) = 0M n (z) zeC+. (6.27) 

nGN 

Combining ([6T27|) with ([QB]) we arrive at ([ST2"1|) . 

Combining Theorem 15.31 (cf. (|5.13p ) with Corollary [53] we get 

oo oo oo 

Aq = A* tkcr(f o) = 0S„ rker(f o„) = 05 o „ =05,f = A F (6.28) 

n— 1 n— 1 n— 1 

which proves the second assertion. □ 
Next we generalize Theorem l6.3l to the case of unbounded operator potentials. 



Theorem 6.10 Let T = T* > 0, t := inf <r(T), and A := A T , min , cf. ([635]) - 
(|6.19|) . Lei oZso n = {7i, To, Ti} 6e the boundary triplet for A* defined by 
Lemma \6.9\ and M (•) i/ie corresponding Weyl function (cf. (|6.24|) ). T/?,en 

(i) T/ie Friedrichs extension A F coincides with Aq := ^4* f ker (To). Moreover, 
A F is absolutely continuous, A F = (A F ) ac , and a(A F ) = o~ ac (A F ) — [to,oc). 

(ii) The Krein extension A is given by A b k := A* f ker (T x - B K T ), where 

B K = 1 1 (6.29) 

V2 VT +VT + Vl + T 2 VT + Vl + T 2 

Moreover, kcv(A K ) = Sj ■= W Q , % ■= {e~ x ^h : h € ran(T 1 / 4 )}, the restric- 
tion A K \ &om(A K ) n S")q is absolutely continuous, and A K = 0^ © (A K ) ac . 
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(iii) The extension A N is given by A N = A* \ ker ( T \ — B N T o) where B N := 

\Jt + Vl + T 2 . Moreover, A N is absolutely continuous, A N = (A N ) ac and 
a(A N ) = a ac (A N ) = [t ,oo). 

(iv) The operators A F , (A K ) ac and and A N are unitarily equivalent. 

Proof, (i) This statement is implied by combining Theorem 16.31 with (|6.28l) . 

(ii) Using the polar decomposition i — A = VT+ \ 2 e 10 ^ with 9{\) = n — 
arctan(l/A), A > we get 

poo 

Re{Vi^T)= \/l + A 2 cos(6{\)/2)dE T {\). (6.30) 
Jo 

Setting ip(X) = arctan(l/A), A > and noting t hat cos (y(A)) = A(l + A 2 )~ 1/2 , 
we find cos(0(A)/2) = 2- 1 / 2 (l + A 2 )- 1 / 4 (A + y/l + A 2 )~ 1/2 - Substituting this 
expression in (|6.30p yields 

Rc(VT^) = 2~ 1/2 (T + VTTT 2 )- 1/2 . (6.31) 

Similarly taking into account sin(#(A)/2) = cos((/?(A)/2) and cos(<p(A)/2) = 
2-1/2(1 + A 2 )-!/ 4 (A + x/TTA 2 ) 1 / 2 , wc get 

r°° i / 

ba(>/i=T) = / \/l + A 2 cos(^(A)/2)dE T (A) = - r VT+ Vl+T 2 . 
Jo v2 

(6.32) 

It follows from fS~2"4"j) with account of (jfPTj) and ([Q2"jl that M(0) := 
s-lim^+o M(-a:) =: B K where £ K is defined by |6~29)) . Therefore, by 
[T2l Proposition 5(iv)] the Krein extension A K is given by := A* 

ker (]?i — B K To). The second statement follows from Proposition ^. 81 and The- 
orem [fOJii). 

(iii) It is easily seen that in the boundary triplet II „ = {TL n , Ton, T in} de- 
fined by (|6.25|) the extension A^ admits a representation A^ = Ab„ where 

B„ := ^T n + y/TTTj, n G N. By Proposition EM A N = ®™ =l A% = A b n 
where B N = ®^ =l B n . The remaining part of (iii) follows from the representa- 
tion A N = 0^° =1 A„ and Theorem Epi). 

(iv) The assertion follows from Theorem 16. 3f iv) and (|6.21j) . □ 
Next we generalize Theorem 16.41 to the case of unbounded T > 0. 

Theorem 6.11 Let T = T* j> and h := inf a css (T). Further, let A := 
A T ,min, cf. (f6TT8]) - ff6TT9j) . and A = A* £ Ext a- Then 

(i) the absolutely continuous part A ac E ^{\t\, 00)) is unitarily equivalent to the 
part A F E AF ([t 1 ,oo)) = (A F ) ac E AF ([t u oo)); 

(ii) the Friedrichs extension A F is ac-minimal and o~ ac (A F ) C a ac (A); 
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(iii) the ac-part A ac of A is unitarily equivalent to A F if either (A — i) 1 
(A F - i)- 1 G G^Si) or (A - i)- 1 - (A K - i)" 1 G G^Sj). 



Proof. By Corollary 14.21 it suffices to assume that the extension A — A* is 
disjoint with Aq, that is, it admits a representation A = Ab with B G CiTL). 

(i) We consider the boundary triplet II = {Tt, To, T 1} defined in Lemma 
16.91 By Proposition 12.171 the generalized Weyl function corresponding to the 
generalized boundary triplet lis is defined by M b{z) = (B — M(z)) -1 , 
z G C+, where M (z) is given by (|6.24[) . Clearly, 

Im(M B (z)) = M B {z)*lm{M{z))M B {z), z g C+. (6.33) 

It follows from (j6~24)) that (Rc(VT^T)) -1 > y/2. Therefore (j6~3Tj) yields 

Im{M{z))>V2lm{M(z)), z G C+, where M(z) = iy/z - T, (6.34) 

cf. (|6.5p . Following the line of reasoning of the proof of Theorem l6.4f i) we obtain 
from (|6.34|) that d^ D (t) = 00 for a.e. t G [ii,oo), where D = D* G 62(H) and 
kd D = {0}. Moreover, it follows from (|6.33|) that d^n(t) = d^n(t) = 00 for 



a.e. t G [t\, 00). One completes the proof by applying Theorem [ 

(ii) To prove (ii) we use again estimates (|6.34j) and follow the proof of Theorem 
I6.4f ii). We complete the proof by applying Theorem 13.41 

(iii) The Weyl function M (■) is given by (|6.24j) . Taking into account (|6.27| 
one obtains sup„ gN m+ < 00, where m+ is the maximal normal invariant func- 
tion defined by ()4.17|) . Indeed, this follows from (|6.6|) because this estimate 
shows that m+ does not depend on n G N. Applying Theorem 14.31 and Remark 
14.61 we complete the proof. 



To prove the second statement we note that the operator B K defined by 1|6.29[) 

dK r>K 

is bounded. Therefore, by Proposition ^. 171 a triplet TL p k := {H. T ,T 1 } 

~B K - ~B K K ~ 

with r j := LTo and r o := B Tq — T 1, is a boundary triplet for A* such 

b k 

that A K := A* \ kcr (T ). The corresponding Weyl function is 



M B x{z) = (B K - M(z))-\ zG 



Inserting expression (|6.29p into this formula we get 

T~f 1 1 1 1 VT-iVz~T 

M b k ( z ) = 7= — 7= — = = — — . 

V2VT + i^7^t Vr + Vi + r 2 z ^ Vt + Vi + r 2 

It follows that the limit M b k (t + *0) exists for any t G R \ {0} and 
M B K{t) := s- km M B * (t + ty = - - 7= , 
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Clearly, M B x(t) e [H] for any ( e K \ {0}. By Theorem [O] the ac-parts of 
A and A K are unitarily equivalent whenever (A — — (A K — i)^ 1 € So^fj). 
This completes the proof. □ 

Finally, we generalize Corollary [S3] to unbounded operator potentials. 

Corollary 6.12 Assume conditions of Theorem \6.11\ If dim(7i) = oo and 
to := mfer(T) = inf<7 ess (T) =: ti, then the Friedrichs extension A F and the 
Krein extension A K are strictly ac-minimal. 



6.3 Application 

In this subsection we apply previous results of this section to Schroedinger op- 
erator in the half-plane. To this end we denote by L = L m ; n the minimal elliptic 
operator associated in L 2 (fl), ft := R + x R", with the differential expression 

C:=-A + q(x):=-(^+Y / g^)+Q^), (*,z)gQ, (6.35) 

3=1 J 

where q = q G L°°(R), x := (xi, . . . , x n ) and n > 1. 

Recall that L m i n is the closure of C, defined on C^°(il). It is known that 
dom(i ro i n ) = i?o(fi). Clearly, L is symmetric. The maximal operator L max is 
then defined by L max = (L min )*. We emphasize that H 2 (Q) C dom(A max ) C 
H? oc (Sl), while dom (L max ) £ H 2 {tt). 

Next we define the trace mappings jj-. C°°(U) -> C°°(<9ft), j £ {0,1}, by 
setting 70U := u \ dfl and 71 u := jo(du/dn) where n stands for the interior 
normal to <9f2. Denote by Dc(Q) the domain dom (L max ) equipped with the 
graph norm. It is known (see |25U18j ) that jj can be extended by continuity to 
the operators mapping Z)c(f2) continuously onto H~^~ 1 ^ 2 (dQ), j G {0, 1}. 

Let us define the following extensions of L m in (realizations of £): 

(i) L D f := £[/], / G dom(L D ) := W € ff 2 (K+ x R) : 70^ = 0}; 

(ii) L N / := £[/], / G dom(L") := W £ X R) : 71V = 0}; 

(iii) L K f := £[/], / G dom (L K ) := G dom (A max ) : 71^ + A 7o ^ = 
0}, where A := ^-A* + q~f) : iT 1 / 2 ^) -> H- 3 / 2 {dn). 

To treat the operator L m ; n as the Sturm-Liouvillc operator with (unbounded) 
operator potential we denote by T the (closed) minimal operator associated in 
H := L 2 (M. n ) with the Schrodinger expression 

n d 2 

-& x + q{x):=-Y, 1 T2+q{x). (6.36) 
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Since q = q e L°°(R), the operator T is self-adjoint and semibounded. More- 
over, T > if g(-) > 0. Let A := At, m in be the minimal operator associated 
with ((57T5|> where T is defined by ([OS)) . 

Proposition 6.13 Let q(-) € L°°(R), g(-) > 0, and ie£ T be the minimal (self- 
adjoint) operator associated in L 2 (R) with the Schrodinger expression (|6.36[) . 
Let also to := inf <r(T) and ii := inf o~ ess (T). Then: 

(i) ffte operator ^4x,min coincides with L = L m - m and dom( At, m in) = Hq(0.); 

(ii) the Friedrichs extension A F coincides with L D , hence L D is absolutely con- 
tinuous, cr(L D ) = a ac (L D ) = [to, 00 ) and N L n(t) = oo for a.e. t € [to,oo); 

(iii) the Krein extension A K coincides with L K , in particular, L K admits the 
decomposition L K = 0-n o © (L K ) ac , TCo := ker(L^), and a ac (L K ) = [fo,oo); 

(iv) the extension A N defined by (|6.21[) . coincides with L N , in particular, L N 
is absolutely continuous and o~(A N ) = a ac {A N ) = [to,oo); 

(v) the operators L D , L N , and (L K ) are ac-minimal, in particular, L , L , 
and {L K ) ac are pairwise unitarily equivalent. If, in addition, to — t\, then the 
operators L D , L N , and (L K ) are strictly ac-minimal; 

(vi) if L is a self-adjoint extension of L and (L — i)^ 1 — (L D — i)^ 1 E &oo, then 
L ac and L D are unitarily equivalent. If L satisfies (L — i)~ 1 — (L K — i)~ 1 € Soo, 
then L ac and L D are unitarily equivalent. 

Proof, (i) We introduce the set 

V'oo ■= I E = h e C °°(R+), hj e C °°(R), k e N 

[l<]<k 

We note that V'^ C V' and V'^ C C£°(R+ x R). Moreover, A T ,min I" P^, = L \ 
"D'oa- Since 2?^, is a core for both At, m in and L m in, we have AT,m\n = £min- 

It is clear (after applying the Fourier transform) that dom (T) = dom (A^) = 
H 2 (R n ). Therefore, by Lemma EH dom (A T ,min) = W^ T = H 2 (fl). 

(ii) Since dom (T) = iJ 2 (R"), we have W T ' 2 (R + ;H) = H 2 {VL). Therefore by 
Proposition 16.81 A F — L D . The second assertion follows from Theorem 16. lOf iV 

(iii) It is proved in P~2J Section 9.7] that L K is the Krein extension of L m - ln . The 
rest of the statements is implied by Theorem l6.10f ii). 

(iv) The equality A N = L is immediate from Proposition 16. Sf iii). The second 
statement follows from Theorem 16. lOf iii) . 

(v) By Theorem [HTTTT ii) the extension L D (= A F ) is ac-minimal. By Theorem 
IBTOT iv) L D , L N (= A N ), and (L K ) ac (= (A K ) ac ) are pairwise unitarily cquiva- 
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lent, hence L , and L are ac-minimal too. The last statement is immediate 
from Corollary 16. 121 

(vi) The statement is immediate from (ii), (hi) and Theorem 16.1 If hi) . □ 

Remark 6.14 Let T be the (closed) minimal non-negative operator associated 
in 7i := L 2 (U. n ) with general uniformly elliptic operator 

- E d^ a ^ x) d^- + q{ - x) > a ' k e q € c ^ n L<X>(Q) ' (6 - 37) 

j,k=l J J ' 

where the coefficients Ojfc(-) are bounded with their C 1 -derivatives, q > 0. If the 
coefficients have some additional "good" properties, then dom(T) = H 2 (W n ) 
algebraically and topologically. By Lemma l6.7[ dom(Ar, m in) = W ' T (M> + ,H) = 
Hq ,2 {Vl) and Proposition 16 . 1 31 remains valid with T in place of the Schrodinger 
operator (|6.36l) . 

Note also that the Dirichlet and the Neumann realizations L D and L N are 
always sclf-adjoint ((cf. [25l Theorem 2.8.1], [15])). 

Corollary 6.15 Assume the conditions of Provosition W. 13\ If, in addition, 

lim f \q(y)\dy = 0, (6.38) 

M-»oo J\x-y\<l 

then the operators L D , L N , and (L K ) are strictly ac-minimal, 

°{L D ) = o- ac (L D ) = a ac (L K ) = a(L N ) = a ac {L N ) = [0,oo), 
and N ElD (t) = N ElN (t) = N E ^ K (t) = oo for a.e. t G [0, oo). 

Proof. By [TBI Section 60] condition (|6.38j) yields the equality cr c (T) = R+, in 
particular € cr c (T) and t\ = 0. Since q > 0, we have < to < t\ = 0, that is 
to = ti = 0. It remains to apply Proposition 16. 131 (ii)-(v). □ 

Remark 6.16 Condition (|6 . 38[) is satished whenever lhnui^.^ q(x) = 0. Thus, 
in this case the conclusions of Corollarv l6.15l are valid. However, it might happen 
that a{L F ) = cr ac {L K ) = a{L N ) = [t ,oo), t > though inf q(x) = 0. 

A Appendix: Absolutely continuous closure 

Let us recall some basic facts of the ac-closure of a Borel set of R introduced 
in [9], see also [TB] . 
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Definition A.l ([9]) Let 8 e B(R). The set cl ac (S) defined by 

c\ ac (S) \(x - e, x + e) n S\ > V e > 0}. 

is called the absolutely continuous closure of the Borel set 8 £ B(M). 

Obviously, two Borel sets 81,82 € B(M) have the same ac-closurc if their 
symmetric difference 81 A 82 has Lebesgue measure zero. Moreover, the set 
cl a c{S) is always closed and cl oc (<5) C 8. In particular, if we have two measurable 
non-negative functions £1 and £2 which differ only on a set of Lebesgue measure 
zero, then cl ac (supp (£1)) = cl ac (supp (£>))• 

Lemma A.2 If 5 e B(R), then \8\c\ ac (S)\ = 0. 

Proof. Since cl ac (5) is closed the set A := R \ cl ac (<5) is open. The open set 
A is decomposed as A = Uj=i A;, — L — 00 > wnere A i = ( a ii h) arc disjoint 
open intervals. We set A; = S n A;, 2 = 1, 2, . . . , L. Obviously, 

L 

S\c\ ac (S) = SnA = \jAi. 

1=1 

We note that A; n cl ac (<5) =0, I = 1, 2, . . . , L. Hence for each t £ Ai there is 
a sufficiently small neighborhood Ot such that \Ot H S\ = 0. If 77 is sufficiently 
small, then [a; + 77, a; — 77] C (a;, 6;) and {OtjtgA, performs a covering of [a; + 
r/,ai — r/]. Since [a; +77,0; — 77] is compact we can chosen a finite covering 

{Ot m }m=i 01 [ a l + 7 h a i~ V] ■ % [ a l + V, ai - rj\ C Um=i *™ wc nnd I I a ' +V,ai- 
77] fl <J I =0 for each sufficiently small 77 > 0. Using that we get 

|(o,,6i)n<y| = Kaj.oj + ?i)nd\ + |(6i-»/,60n<y| = 

|(aj, a; + 77) n<J| + |(bi-T7,6i)n<S| < 2t/ 

for sufficiently small 77 > 0. Hence |A;| = \(ai,bi) H S\ = which yields that 
|5\cl ac (5)| =0. □ 

Lemma A. 3 // {<5/c}fc 6 N, <5fc C fi, «s a sequence of Borel subsets, then 

d ac (8) = (J cl oc (5 fc ), J = |J S k . (A.l) 

fcGN fcGN 

Proof. We set = 8k H cl fflC (5fc) and A k := \ cl ac (<5fc). We have 8 = 8 U A, 
where ? := U fceN and A := |J feeN A fc . By LemmaEll \ A k\ = 0, k G N, 
which yields |A| = 0. Hence cl ac (8) = cl ac (8). Similarly one gets c\ ac (8k) = 
cloc(Jfe), k G N. Notice that <5fc C cl ac ((5 fc ), fc G N. We have 

C\ ac (8) D (J Clac(?fc) 2[J^ = ?. 
fcGN fcGN 
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Hence 

cl QC (?) = clac(?) 2 |J cl ac (? fc ) 2 6 2 c\ a c{6) 

keN 

which yields cl ac (S) = \J keN c l ae ( S k ). Since cl oc (<5) = cl ac (5) and cl ac (5 k ) = 
cl ac (4), k e N, we prove (jA.lj) . □ 
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